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The well-known Weibull distribution has been widely studied and applied in various 
aspects. The assumption of a monotonic failure rate of the product, however, may not 
be suitable and accurate in reality. It is common that a product exhibits a bathtub 
failure rate property. The research of extending traditional Weibull distribution to 
estimate lifetime data with non-monotonic failure rate, especially those with bathtub-
shaped failure rate property, is meaningful. Hence, this dissertation has been 
concentrated on the study and application of the extended Weibull distributions with 
bathtub shaped failure rate properties.  
A new bathtub shaped failure rate distribution, namely Weibull extension 
distribution, is proposed. This distribution, which is viewed as an extension of Weibull 
distribution, is closely related to the Weibull distribution and some other distributions. 
A full examination of the model properties and parametric estimation using both 
graphical method and maximum likelihood estimation is included to understand the 
underlying model. The asymptotic confidence intervals for the parameters are also 
derived from the Fisher Information matrix. Likelihood ratio tests are pointed out as 
useful hypothesis tests of the Weibull extension distribution. The Weibull extension 
model is also applied to some numerical studies on real experiment failure data to 
demonstrate its applicability for life data with bathtub failure rate property. It is 
concluded that this extended distribution is more flexible and can be regarded as one of 
the good alternatives of bathtub failure rate distributions. 
In addition to the application of the extension of Weibull distributions, it is 
always necessary to study the goodness of fit of a traditional Weibull distribution 
versus a bathtub failure rate distribution, where the recently proposed modified 
Weibull distribution is considered. General goodness of fit tests of the Weibull 
 v
distribution are summarized, compared and applied to a numerical study. Specific 
goodness of fit tests of Score test, Wald test and a likelihood ratio test are derived for 
the modified Weibull distribution. A simulation study on the power of test is also 
conducted, and it is found out that the three derived tests are good choices for testing a 
Weibull distribution against a bathtub failure rate distribution. 
Furthermore, further study is conducted to compare the estimators of graphical 
method and maximum likelihood estimation for the Weibull extension distribution. It 
is found out that the maximum likelihood method generally provides more accurate 
estimation for the underlying model. However, in case of small sample size data, the 
graphical estimation is better in terms of the accuracies and estimation errors. It is 
concluded with a recommendation of combining the two estimation methods for the 
parametric estimation. 
Subsequently, the validity of the Weibull extension model for monitoring life 
data is investigated as well. Three general goodness of fit tests, i.e., Anderson-Darling 
test, Kolmogorov-Smirnov test and Cameron-von Mises test are fully studied. The 
quantiles of the three empirical distribution function tests are obtained from Monte 
Carlo simulations using maximum likelihood estimation method. A simulation study 
on the power of the tests verifies the model validity, and it also suggests that 
Anderson-Darling test generally outperforms the other two tests. As for small sample 
size life data, the Kolmogorov-Smirnov and Cameron-von Mises tests are suitable. 
Another part of the research is on the change points of failure rate and mean 
residual life functions of bathtub shaped failure rate distributions. The change points 
are believed to be closely related to the flatness of bathtub curve. Several frequently 
used bathtub failure rate distributions are included for the study of the change points. 
From the investigation, if the difference between the change points of failure rate and 
 vi
mean residual life functions is large, the corresponding bathtub curve tends to be 
flatter. 
Finally, there are also several case studies and numerical examples involved 
throughout the study. From a case study on the failures of an electronic device, the 
proposed Weibull extension model is considered to be a good alternative as dealing 
with product of bathtub failure rate property. Another case study is studied for 
extending three-parameter Weibull distribution to a generic four-parameter Weibull 
distribution which is applied to the anisotropic conductive adhesive flip-chip joint of 
electronics packaging. This generalized model can also be used to predict any 
minimum failure cycles if the maximum acceptable failure criterion is set. A set of 
grouped failure data for electronic component is also analyzed using both parametric 
modeling and non-parametric method. The continuous Weibull extension distribution is 
extended to a discrete bathtub failure rate distribution as well.  
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The concept of reliability was initially introduced in the beginning of the twentieth 
century. Since then, a great number of research and applications have been carried out 
in order to explore and understand the methodologies and applications of reliability 
analysis for product enhancements. Reliability is generally regarded as the likelihood 
that a product or service is functional during a certain period of time under a specified 
operation environment. Reliability is always considered as one of the most important 
characteristics for industrial products and systems. Reliability engineering studies the 
life data and subsequently uses it to estimate, evaluate and control the capability of 
components, products and systems. The theories and tools of reliability engineering is 
applied into widespread fields such as electronic and manufacturing products, 
aerospace equipments, earthquake and volcano forecasting, communication systems, 
navigation and transportation control, medical treatment to the survival analysis of 
human being or biological species and so on (Weibull, 1977; Lawless, 1982). 
With the increased complexity of component structure and the continuous 
requirements of high quality and reliability products, the role of reliability of the 
product is more important to both the producers and the consumers nowadays. It is 
believed that unreliable components or systems will cause inconvenience to the 
productivity in our daily lives. In even worse situations, any unstable component of a 
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product can cause huge economic loss and serious damage to customers, producers, 
government and the society.  
For instance, the recent cracking of the United States space shuttle Columbia 
on February 1, 2003 caused the death of all the seven astronauts on board. Such 
disaster was investigated and announced later that the worn-out and obsolete state of 
the 20-year old space shuttle might account for the accident. The investigation 
committee also pointed out that early preventive measure should have been taken for 
the outside material of the shuttle. It is clear that the risk of cracking will be better 
controlled as along as more accurate reliability testing and estimation and regular 
maintenance work are carried out in time. 
It was also remembered that previously in 1986, the failure of the sealing 
material of another US booster rocket on space shuttle Challenger directly resulted in 
the explosion of the whole space shuttle. The reliability of the sealing material in one 
of the system equipment was vital to the stable usage and running of the shuttle. If the 
shuttle designers had a better understanding of the nature or reliability of the sealing 
component under severe environments, such a disaster exposure on the whole system 
can be avoided. Reliability engineers must fully involve and utilize their reliability 
knowledge in the stage of designing, testing and maintaining of the shuttle. 
Another medical accident happened in the late of 1980s in Salt Lake City, 
where approximately 150 heart disease patients died due to the unreliable mechanical 
human hearts replaced after their medical operations. The functionalities of the 
product were not fully verified and precisely predicted before the patients went 
through those medical operations. When doctors encountered difficulties in planning 
and conducting medical trials, an integrated testing process and accurate estimate of 
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the functionality of the medical products before their introduction to the practice were 
critical to the success of the medical treatment and survival of the patients.  
From these examples, it can be concluded that high reliability is strictly 
required for the functionality of the system and safety of people using the products. 
The increased emphasis on reliability is also due to considerable other factors, 
including awareness of stability of high quality products, complexity and 
sophistication of systems, new industrial regulations concerning product liability, 
government contractual requirements on performance specifications and product cost 
for testing, repairing and warranty (Kececioglu, 1991; Ebeling, 1997). Consequently, 
billions of dollars are invested into the research of reliability engineering to improve 
the stabilities of the products during the decades. It is therefore meaningful for us to 
continuously investigate research related to reliability engineering. 
 
1.2 Reliability Engineering 
Reliability engineering covers all the processes of conception, design, testing, 
estimation, optimization, maintainability and availability of the product. The 
reliability of the products can be enhanced by applying life data analysis techniques 
and other reliability engineering methodologies.  
There are generally three main stages in reliability engineering analysis on real 
failure products (Elsayed, 1996). Engineers and designers start by defining the 
objective of the product or service to be provided. Engineers must decide the product 
lifetime which could expressed in terms of time units, operating units, stress cycles or 
other measurable metric. Subsequently, functionality or success of the product needs 
to be agreed. The structure of the system also has to be developed so that its 
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components, subsystems can be selected. The product functionality is inspected and 
its reliability is initially evaluated.  
Since the product may not be fully applicable or as perfect as people originally 
expect, once after its initial design, continuous modifications and changes of the 
design and structure are always necessary. Hence, during the second stage, 
sophisticated tests and estimations on the reliability of the product must be carried 
out. The system is then modified, redesigned and retested until its reliability targets 
can be finally achieved. The engineers can also improve and refine their knowledge of 
the product features by repeating this step. 
Finally, once the product is produced or sold, scheduled preventive 
maintenance and warranty policies are provided to ensure the original promise of 
reliability of the product. Engineers must pay high attention to the warnings of worn-
out of the products. Usually the feedback on the usage of the products will be served 
as valuable information for the generation of more reliable products. The information 
will also be relevant for quantifying the economic cost and profit of launching and 
marketing products. 
To have further insights into the estimation and analysis of the product, 
theories and applications of reliability analysis are not only developed on the basis of 
the experience from the engineers, but also highly relied on the knowledge and tools 
of mathematics and statistics. From a statistical point of view, reliability is expressed 
as the probability that a product or service will perform required function(s) for a 
specified period of time, i.e., the design life, under the specified operating conditions, 
such as temperature or humidity, without failure (Dummer et al., 1997).  
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Further, let T be the random variable of time to failure, and F(t), f(t) be the 
distribution function and probability density function of T respectively, the failure rate 





= − .                 (1.1) 
It can be regarded as the instantaneous rate of failure at time t. A probabilistic 
interpretation of failure rate is that ( )h t t∆  is the approximate probability of product 
failing in the interval of (t, t +∆t) on condition that it survives until age t (Lawless, 
1982). 
One of the most important parts of reliability engineering is reliability 
modeling for life data analysis, which deals with the specific issues to study and 
predict the lifetime of the products using statistical parametric distributions or 
nonparametric methods, and subsequently these methodologies and results can be 
applied to product testing and prediction, optimization of warranty policy and quality 
and reliability enhancement.  
Lifetime of a product can be measured in various ways, like hours, miles, 
number of operating cycles, frequency of usage or any other measurable metrics. Life 
data analysis makes use of the life data for modeling and estimating. A distinct feature 
of the life data is the phenomenon of censoring. Except for the complete failed life 
data, which contain all life information of the products, it is very common to have 
data with incomplete information of the failures. This is due to many true constraints 
pertaining to the products, such as the testing budget, the limited testing time, the 
exceptional high reliable components, irreversible process products and so on. For the 
censoring data, they can be furthered divided into right censoring, left censoring, 
interval censoring; single censoring and multiple censoring. There are also frequently 
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classified as type I censoring which is running over fixed time; type II censoring 
which will stop until fixed number of failures occur; and random censoring when the 
censoring time is random and observed as the minimum of censoring time and actual 
failure time. Large sample theories and asymptotic properties are frequently used if 
dealing with censoring data. Another aspect that people often encounter is the 
constraint on the number of samples available for their analysis. Small sample life 
data often require unique methods of estimation and modeling. 
 
1.3 Reliability Modeling  
After collecting life data for the analysis, it is apparent that a suitable and valid 
reliability model is essential to the feasibility of model estimation and analysis. As a 
result, various reliability models have been generated for data analysis; for example, 
the frequently used Exponential distribution, Weibull distribution, Normal 
distribution, Lognormal distribution, Gamma distribution and so on. Before the 1980s, 
most products were assumed to follow exponential distribution, which has the 
simplest mathematical form with tractable statistical properties. Products following an 
exponential lifetime distribution have the so-called no-memory property. However, it 
is found out later that the assumptions of the exponential distribution must always be 
taken into consideration in order to have more accurate predications of the underlying 
failure mechanism. Hence, different models should be utilized under complex 
situations when the assumption of constant random failure rate is restrictive. 
Among these statistical models, the Weibull distribution (Weibull, 1951), 
named after the Swedish Professor Waloddi Weibull, is perhaps the most frequently 
used life time distribution for lifetime data analysis mainly because of not only its 
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flexibility of analyzing diverse types of aging phenomena, but also its simple and 
straightforward mathematical forms compared with other distributions.  
The cumulative density function of the standard two-parameter Weibull model 
is given by   
( ) 1 exp tF t
β
α
  = − −    
,                                 (1.2)  
for any 0t ≥ , 0α >  and 0β > . Parameters α and β are named as the scale and shape 
parameters respectively.  
From Equation (1.2), the failure rate function of Weibull distribution can be 
derived with the form of: 
1( )( )
( )




−  = =      .  (1.3) 
One of the good properties of Weibull distribution is that it can have different 
monotonic types of hazard rate shapes so that it can be applied to different kinds of 
products. From Equation (1.3), it is clear that the shape of hazard rate function 
depends solely on the shape parameter. Therefore, when β > 1, the failure rate 
exhibits a monotonic increasing failure rate function curve; when β = 1, the failure 
rate remains constant during the life span; when β < 1, failure rate has a decreasing 
failure rate function.  
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Figure 1.1: Three typical types of failure rate function of Weibull distribution 
with α = 100 and β = 0.6, 1, 3 respectively 
 
For instance, Figure 1.1 below displays the failure rate functions of Weibull 
distribution with identical scale parameter α with a value of 100 and different shape 
parameters β  of 0.6, 1 and 3 respectively. 
As observed from the Figure 1.1, the curve of the hazard rate function of 
Weibull distribution has shapes of increasing, constant and decreasing, which is very 
flexible and can be used to model different types of aging products. Therefore, 
Weibull distribution has been frequently used in estimating the reliability of the 
products and systems.  
Research related to the theory of Weibull model has been discussed in Barlow 
and Proschan (1981), Nelson (1982), Lawless (1982), Mann et al. (1974), Bain 
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(1974), etc. More than one thousand references to the applications of Weibull 
distribution is also listed in the report by Weibull (1977). 
However, a rather practical problem lies in that most industrial components or 
products will generally experience three main life phases: (1). The infant mortality 
region, when the sample is newly introduced and has a high failure rate; (2). The 
constant failure rate region, when the product is stable and with low failures; (3). The 
wear-out region, when the failure rate is significantly increased. The product having 
such failure rate changing pattern, as indicated in Figure 1.2, is normally referred to as 













Figure 1.2: Three life phases of bathtub curve 
 
Bathtub failure rate curve in Figure 1.2 can be explained from an engineering 
point of view. Once a new product is introduced into the market, it enters the infant 
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mortality period in which the failure rate decreases as time increases. Failures during 
this period are mostly due to the weakness of designing components, manufacturing 
imperfections, setting-up errors or installation defects which can be controlled as the 
running or screening time increases. The Weibull model with a shape parameter 
0 1β< < , which exhibits a decreasing failure rate function, can be used to monitor 
this region.  
As the product enters a mature life phase, the failure rate turns to be constant, 
and it is independent of the operating time or cycles. The product features and 
functions are stable and there is comparatively low risk of failures during this period. 
Hence failures in the second phase can be modeled with the help of Exponential 
distribution, or Weibull distribution with 1β = . Finally when the component comes 
into the wear-out region, the failure rate will significantly increase, which suggests the 
end of a designed life and has high risk of deterioration. This type of failures is 
normally caused by the natural wear-out and it is the sign of replacement and 
maintenance. The life time can also be characterized by Weibull distribution with 
1>β . 
Although Weibull distribution is useful in modeling the bathtub failure rate 
curve, problems in practical applications still exist for three different standard Weibull 
models are required to estimate the whole lifetime of a product. It is difficult and 
inconvenient in reliability estimation, testing and control.  
Firstly, Weibull distribution is restricted for modeling component life cycle 
with monotonic failure rate function; Secondly, many commonly used industrial 
products or systems have bathtub shape or partial bathtub shape failure rate functions, 
which may not be fully explained by the simple standard Weibull distribution; 
Thirdly, products which are estimated by combinations of several Weibull distribution 
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are difficult to control in case of change of manufacturing process or other 
parameters.  
In brief, Weibull distribution is flexible in estimating components exhibiting 
increasing, constant and decreasing failure rate functions, but it can not directly fit 
those products with bathtub shape or other non-monotonic failure rate functions well. 
Thus research on Weibull family models with non-monotonic failure rate function, 
particularly with bathtub shaped property, is necessary and critical in order to analyze 
and predict lifetimes of bathtub failure rate products precisely.  
There are numerous extended models of Weibull distribution proposed during 
the recent decades. Among them, considerable extended models with bathtub shaped 
failure rate (BFR) functions have been focused and discussed. An early review on 
bathtub distributions conducted a systematic survey on bathtub distribution issues, 
including its definition, verifiable conditions, and methods of constructing BFR with a 
list of bathtub distributions at the end (Rajarshi and Rajarshi, 1988). Another 
comprehensive paper summarized the proposed bathtub distributions, the techniques 
of constructing such distributions, basic properties of bathtub distributions, the 
discussions on mean residual life function and optimal burn-in time as well (Lai et al., 
2001). Chapter 2 will give a comprehensive literature review regarding to the model 
properties and applications of Weibull distribution and BFR distributions. 
 
1.4 Prospect of the Study 
Although considerable research has been carried on the newly proposed BFR models, 
there are some issues and interesting topics to be considered for the BFR models.  
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First, most of these models with bathtub shaped failure rate function are not 
simple generalizations of Weibull distribution. As Weibull distribution is commonly 
used for reliability engineering, it would be meaningful to derive and study alternative 
models with bathtub shaped failure rate properties, which can be treated as an 
extension of the Weibull distribution.  
Second, many Weibull extended models contain considerable parameters. 
However, with limited amount of data, the parameters cannot be accurately estimated, 
it is therefore necessary to consider models with fewer parameters. An example is a 
two-parameter model that can be used to model bathtub shaped failure rate life data 
proposed in Chen (2000). Compared with other Weibull extended models, this new 
model has some useful properties in that it requires only two parameters to model the 
bathtub shaped failure rate function. But it can be extended to a more flexible 
distribution and the model properties should be fully examined. 
Third, a Weibull distribution is generally applied to estimate life time data 
assuming it follows Weibull distribution, however where the data do not follow the 
Weibull distribution, the above Weibull analysis is not accurate. The validity of 
Weibull assumption is especially important for the suitability of the model. Therefore, 
we need to determine how much the estimated distribution can fit our data. It leads us 
to consider the goodness-of-fit tests for Weibull family distributions. The BFR models 
have their own advantages and restrictions and are good for extensions of the standard 
Weibull distribution with bathtub shaped failure rate property. The goodness-of-fit 
hypothesis tests on these extended distributions can be used here not only to decide 
whether a new model is suitable enough for estimating the lifetime data, but also to 
identify a better fitted model conveniently.  
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Fourth, statistical estimation methods, such as method of moment, method of 
maximum likelihood estimation, and graphical methods like probability plotting, 
hazard rate plotting etc. are frequently used to estimate the parameters of the 
underlying model parameters, comparison study between different estimators are 
quite relevant for a more accurate statistical reliability model.   
Therefore, the main objective of the research is to extend the conventional 
Weibull model to a more practical application scope, i.e., products with bathtub or 
possible non-monotonic failure rate function by proposing and applying new models 
and fully examining issues related to these extended BFR models.  
Statistical analysis of the new generalized model will be conducted to provide 
sufficient evidence for the application the new model. Besides, detailed model 
validity methods and model comparisons are carried out. It is necessary to compare 
the BFR distribution to the traditional Weibull distribution. The effect of estimation 
methods, and types of censoring or grouped data on the accuracy of model estimations 
could be worth of a further exploration. If the sample size is large enough, one can use 
statistical technique or computer programs to assist in choosing the optimal model.  If 
the sample is small, a graphical method can be used. It is generally agreed that only 
when the benefit from the introduction of new model outweighs the cost and effort of 
the processing it, this new distribution can be considered to improve the estimation 
accuracy of the product reliability. Simulation methods can be utilized here to carry 
out various studies, which provide evidence to assist the selection criteria of a suitable 
model for certain type of data. Research on the power of goodness-of-fit tests on 
extended bathtub failure rate models is also to be studied to compare different 
goodness of fit tests.  
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Furthermore, case studies on real world failure data should be included and 
investigated as a purpose to illustrate the applicability of the BFR models. There are 
also several other issues related to Weibull family models which can also be explored. 
First, discussions on the relationship between failure rate function and mean residual 
life function of BFR model and the constant life phrase of the bathtub curve is helpful 
to apply BFR model into the real world data. Second, the three parameter Weibull 
distribution can be generalized into models which meets special requirement of the 
real problem by studying practical failure data. Third, the extension of BFR model to 
a discrete distribution is also useful when dealing with discrete life time data with 
BFR property. 
 Overall, it is hoped that above research can be useful in providing information 
for the theoretical study and application of Weibull related distributions, especially 
distributions with bathtub shaped failure rate function. It may also provide valuable 
information to reliability engineers.  
 
1.5 Organization of the Dissertation 
The dissertation consists of nine chapters. It will be organized as follows. 
After the introduction of the background of the current study and prospect in 
the areas of the research on BFR distributions in Chapter 1, Chapter 2 will focus on a 
literature review of Weibull family distribution and its properties. The theoretical and 
empirical perspectives of the BFR distributions are also surveyed in this Chapter. This 
chapter further elucidates the motivation of current research by pinpointing the 
deficiencies and limitations of the previous research on Weibull distribution and BFR 
distributions. 
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Chapter 3 deals with the model validity analysis and summarizes the methods 
of goodness-of-fit tests of Weibull distribution. Without statistical inference on the 
fitness of the Weibull distribution, the application of extended Weibull distributions is 
doubtful. The recently proposed modified Weibull distribution (Lai et al., 2003) will 
be studied in details. A score test, a Wald test and the likelihood ratio test are derived 
for the purpose of goodness of fit hypothesis tests. Powers of the tests are studied 
using Monte-Carlo simulations so that it can be used to make comparisons between 
these goodness of fit tests. It will also be meaningful to demonstrate our objective of 
applying a BFR model to fit failure data with bathtub shaped failure rate property 
instead of using a simple Weibull distribution.  
In addition to the modified Weibull distribution and other BFR distributions, a 
new Weibull extension distribution from Chen’s model (Chen, 2000) is subsequently 
introduced in Chapters 4. This model is regarded as an extension of Weibull 
distribution which has bathtub shaped failure rate function. It also contains an analysis 
of the properties of the model and the relationship between the proposed distribution 
and several other distributions. Parametric estimations of the Weibull distribution are 
discussed and investigated using numerical case studies. It is concluded that the 
Weibull extension distribution is very flexible and can be used as an alternative of 
analyzing failure data with bathtub shaped hazard rate functions. 
It then follows in Chapter 5 to further discuss the new extended Weibull 
model with a full view of the model properties, and its corresponding statistical 
inferences based on large-sample properties. The tests of the Weibull extension model 
in alternative of other proposed models, like the Chen’s model and exponential power 
model will be considered as well. Numerical example is included to illustrate the 
application of the large sample inferences and likelihood ratio hypothesis tests. 
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Chapter 6 consists of two parts of the studies. On one hand, it is interesting to 
compare the different estimation methods for the Weibull extension model. Both 
maximum likelihood estimation method and graphical estimation method can be used 
for parameter estimations. A simulation study is conducted to investigate the 
accuracies of the estimators in respects of the sample size of the failure data and the 
types of censoring of the lifetime data. On the other hand, the three general 
distribution-free goodness of fit tests, i.e., the Anderson-Darling test, the 
Kolmogorov-Smirnov test and the Cameron-von Mises test, based on the empirical 
distribution function are also studied. The critical values of performing these 
goodness of fit tests have to be determined using simulation methods. From the 
critical values obtained, the power of the tests is compared for the hypothesis tests in 
case that the data is generated from exponential distribution, Weibull distribution, 
Rayleigh distribution, normal distribution and lognormal distribution.  
Chapter 7 specifically focuses on the relationship between mean residual life 
function and failure rate function for BFR models. It studies the relationship between 
the change points of the failure rate function and mean residual life function for 
several proposed BFR distributions. The idea of achieving a flatter bathtub curve 
which means a longer constant life period is very meaningful and significant to the 
reliability engineers. Hence two criteria of comparing the shape of the bathtub curve 
are proposed in order to identify the underlying connections between changes points 
and the flatness of bathtub failure rate curves. Numerical studies are conducted for 
some BFR models and their relationships between their change points and flatness of 
the bathtub curve. 
Chapter 8 is a separate chapter which contains some further applications and 
related issues of Weibull family distributions including BFR model. In Section 8.1, a 
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generalized model under different failure criteria is proposed to solve the problem for 
the analysis of ACA joints. By using the least square estimation method, the failure of 
the ACA joint product can be analyzed under different criteria with fewer parameters. 
Section 8.2 studies the application to a real electronic product which has grouped 
failure data. The proposed BFR distributions are considered to estimate the failures, in 
contrast, other models which has unimodal failure rate are also used. Non-parametric 
estimation is considered since most of the above models cannot provide a satisfactory 
fit to the failure of the product. Finally Section 8.3 focuses on the extension of the 
Weibull extension model to a discrete situation. The discrete Weibull extension model 
is introduced and investigated with basic model properties and estimation methods. 
Chapter 9 concludes this dissertation by outlining the findings of the research, 
summarizing and highlighting the contributions of the current study. The limitations 
and potential topics for further improvements are also summarized at the end. 
 





As discussed in Chapter 1, the Weibull lifetime distribution is widely used because of 
its flexible ability to fit a wide range of types of data sets and its unique statistical 
property. Hence in this chapter, it is necessary to review the model properties and the 
research findings obtained from previous work. This review mainly consists of two 
topics. The basic properties of Weibull distribution are examined in the first part. The 
estimation methodologies of Weibull distribution are summarized into two main 
categories with emphasis on the maximum likelihood estimation and the graphical 
estimation methods. To overcome the shortage of the basic models in application, BFR 
models are widely discussed and applied. Hence the later part of the chapter will look 
into recently proposed models with bathtub shaped failure rate functions.  
 
 
2.1 Standard Weibull Distribution 
The cumulative distribution function of the standard two-parameter Weibull 
distribution (Weibull, 1951) can be given as   
( ) 1 exp tF t
β
α
  = − −    
,       (2.1) 
for any 0≥t , 0>α  and 0>β . Parameters α and β are named as the scale and shape 
parameters respectively.  
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2.1.1 Basic concepts and properties 
The probability density function can be described as: 
1
( ) expt tf t
β ββ
α α α
−      = −          
.      (2.2) 
The value of β has effects on the shape of the pdf function. For 0< β ≤1, the pdf 
function is a monotonic decreasing function as t increases and is convex. For β >1, the 
pdf function has a unimodal shape. 
The reliability function is: 
( ) 1 ( ) exp tR t F t
β
α
  = − = −    
.      (2.3) 
The failure rate function has the form of: 
1( )( )
( )




−  = =      . (2.4) 
The mean residual life function at time t has the form of: 
( ) ( / )( ) 1 1/ , ( / ) tu t t e tββ αα β α= Γ + − ,  (2.5) 
where 1( , ) t x
a
t a x e dx
∞ − −Γ = ∫  is the incomplete gamma function evaluated at the value 
of (t, a). 
The mean and variance of Weibull distribution are given by: 
11µ α β
 = Γ +   ,        (2.6) 
2 2 22 11 1σ α β β
    = Γ + − Γ +         ,      (2.7) 
where ( ) 1
0
t xt x e dx
∞ − −Γ = ∫  is the gamma function evaluated at the value of t. 
Hence, the coefficient of variation is: 
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Γ += −Γ + .        (2.8) 
The quantile function is given by: 
 ( )[ ]1( ) ln 1Q u u βα= − − , where 0 ≤ u ≤ 1.     (2.9)
The median and mode are as follows: 





 = −   , for β > 1.               (2.11) 
The kth moment about the mean is:  
( )
0
1( 1) 1 1
k
k k j j
k
j
k k jE T
j
µ µ α β β=
−      = − = − Γ + Γ +          ∑ .           (2.12) 
The kth moment about the origin is: 
( )' 1k kk E T kµ α β= = Γ +   .                (2.13) 
The coefficient of kurtosis and coefficient of skewness can be expressed as: 
 31 3/ 2
2




3µγ µ= − . 
As pointed out in Chapter 1, the shape of hazard rate function depends solely on the 
shape parameter. The Weibull distribution is flexible to estimate increasing, constant 
and decreasing failure rate life data. Usually a moderate value of β within 1 to 3 is 
appropriate in most situations (Lawless, 1982).  
Besides, there are some relationships between Weibull distribution and other 
distributions. When β =1, it is reduced to exponential distribution. When β =2, it has 
the form of Rayleigh distribution. When β >3.6, Weibull distribution is very similar to 
normal distribution (Dubey, 1967). When β =3.35, the coefficient of kurtosis reaches a 
minimal value of -0.29, and when β =3.6 the coefficient of skewness is zero 
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(Mudholkar and Kollia, 1994). Weibull distribution is also related to the extreme value 
distribution. If T has a density function of Weibull distribution as in Equation (2.2), 
then ln(T) is following an extreme value distribution with location parameter ln(α) and 
scale parameter 1/β, i.e., the pdf of X = ln(T) is: 
( ) ( )[ ]{ }( ) exp ln exp lnf x x xβ β α β α= − − − .             (2.14) 
Weibull distribution with parameters ( 2b , 2) is also related to chi-square distribution 
of parameters (2, 2b ). 
 
2.1.2 Parameter estimation methods 
Many different methods can be applied to estimate the parameters of a Weibull 
distribution. Generally, these methods can be classified into two main categories, the 
graphical methods and the statistical methods. 
Graphical methods utilize some plots transformed from the sample data to 
estimate the underlying models. The specific type of plot and transformation depends 
on the assumed model. These methods are straightforward and sometimes 
comparatively simple to find a good enough estimation of the parameters. They are 
also visible to determine how good the model fits the data from the graphs. Lawless 
(2003) also advised that graphical method with the advantage of displaying ability of 
the data to the fitted model, it can be used for model checking. Moreover, the method 
is also useful in providing an initial estimation as the starting point for statistical 
methods. Nevertheless, the estimation obtained is not as accurate as the one deduced 
from statistical methods. Another weakness lies in that it is difficult to deal with model 
of the asymptotic properties. From graphical plots, we can differentiate whether certain 
type of model is suitable for analyzing the failure data. Subsequently, more 
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sophisticated estimation method, such as MLE, one of the most frequently used 
statistical estimation methods, can be used together to find the parameter estimations, 
and the asymptotically inferences of MLE base on large sample theory can be applied 
to gain more insight of the failure data. 
Some frequently used graphical methods include methods using Empirical 
Cumulative Distribution Plot (Nelson, 1982), Weibull Probability Plot (Nelson, 1982; 
Lawless, 1982; Kececioglu, 1991), Hazard Rate Plot (Nelson, 1982) and so on. 
 Statistical methods, in contrast, are based more on the theory and inference of 
mathematics and statistics. It is more general and applicable to different model 
formulations and data types. The estimators will generally be more accurate than 
graphical estimators, and the asymptotic properties of the estimators are well 
developed. However, most of such methods have the difficulties of more complex 
expressions and equations to solve. Fortunately, with the more and more powerful 
statistical software programming tools available, the statistical estimates could easily 
be obtained.  
The commonly used statistical methods are: Method of Moment (Lawless, 
1982), Method of Percentiles, Method of Maximum Likelihood Estimation (Lawless, 
1982; Nelson, 1982), Bayesian Method (Soland, 1969; Papadopoulos and Tsokos, 
1975a, 1975b; Dellaportas and Wright, 1991), Linear Estimator (Nelson, 1982), and 
Interval Estimation (Lawless, 1978; Mann, 1968; O’Connor, 2002). 
Here we confine our review to two of the most widely used techniques, 
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a) Graphical Method: WPP Method 
Weibull Probability Plotting, developed in the early 1970’s, is a graphical method by 
sorting and transforming the observed data. It is a comparatively simple procedure for 
estimating parameters by doing the following transformation on reliability function 
Equation (2.3): 
{ }ln ln ( )y R t= − , and ln( )x t= .               (2.15) 
We can obtain a straight line with relation of  
lny xβ β α= − .                 (2.16)  
If there are no outliers and the plotting points drop very close to a straight line, 
which means that the model can fit the data well, we can learn the estimated value of 
β  from the slope of the line and estimation of scale parameter from the intercept on 
the horizontal axis (Lawless, 2003), i.e, 
aˆ = exp ( value of x-axis intercept ) . 
Furthermore, Wolstenholme (1999) suggested that the estimation of scale parameter 
from x-axis intercept is an equivalent way of deducing from the following equation: 
( )ˆˆ exp /cα β= − ,                  (2.17) 
where c is the y-intercept of the estimated line.  
Besides, Stone and Rosen (1984) considered the confidence interval estimation 
using the graphic techniques. The upper and lower limits for the shape parameter is 
also given in O’Connor (2002) as 
ˆ
U Fββ β= , and  
ˆ/L Fββ β= .                  (2.18) 
The factor βF  in Equation (2.18) under different sample sizes for confidence interval 
estimation is given in O’Connor (2002). 
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 In case of censoring data rather than complete failure data, the procedures are 
similar with some modifications on the estimation of reliability functions. For further 
details, see Nelson (1982), Lawless (1982), Kececioglu (1991) and Dodson (1994). 
 
b)  Statistical Method: MLE Method 
Another most widely used method for estimating the parameters of a probability 
distribution is based on the likelihood function. The likelihood function reaches its 
maximum at the specific value of the parameters. The values of the parameters are 
regarded as the most possible values, which are the estimations of the parameters. 
Suppose there are r components in a sample of N components failed in a 
sample testing. Given the failure data following a Weibull distribution, 1t , 2t ,…, rt  are 
the lifetime of r failed components; let rt  be the censoring time for the rest n-r 
components. The likelihood function of standard Weibull distribution has the form of: 
1
11
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   = − + −    −     ∑∏ .           (2.19) 
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  = + −    ∑ .               (2.22) 
Solve the Equation (2.21), then we can find the MLE of shape parameter, and 
the estimation of scale parameter can be obtained from Equation (2.22). For detailed 
estimations on other types of data like grouped data, see Nelson (1982), Lawless 
(1982), Cheng and Chen (1988) and Rao et al. (1994). Equation (2.21) can be solved 
numerically using Newton-Raphson method with the aid of software, like Matlab, 
Excel, S-plus, and SAS. An interactive procedure is discussed and shown to be more 
effective than Newton-Raphson method (Qiao and Tsokos, 1994). Keats et al. (1997) 
also provides a FORTRAN program for point and interval estimates. 
From Fisher Information matrix, we may find the large sample asymptotic 
confidence limits of the parameters. Assume 1rt + , … , nt  are the censoring time for the 














 ∂ ∂− − ∂ ∂ ∂ =  ∂ ∂− − ∂ ∂ ∂ 
,               (2.23) 
where ln L  is the log of the likelihood function, and  
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β β α α=
    ∂ = − −     ∂     ∑ ,              (2.25) 
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βαβ α α α α=
    ∂  = − + +     ∂      ∑ .             (2.26) 
Chapter 2                                                                                            Literature Review 
 26
Therefore, the confidence level for β and α with 100(1-δ)% confidence level is: 
( )( ) ( )
1
1






   ∈      ，
            (2.27) 
and 










    ∈      
                                (2.28) 
respectively. k is the 100(1- δ /2)th percentile of the standard normal distribution, and 
1(1,1)F −  and 1(2,2)F −  are the corresponding elements of the inverse matrix of F. 
 Besides, Lawless (1978; 1982) provides a review of some interval estimation 
methods for the Weibull distribution. There are also some other publications on the 
interval estimations in Mann (1968), Mann and Fertig (1975), Fertig et al. (1980), 
Schneider and Weissfield (1989) and Kotani et al. (1997). 
 
As discussed in Chapter 1, although Weibull distribution is useful in modeling 
the bathtub failure rate curve, the problem exists for it requires three different Weibull 
models in order to estimate lifetime of a product. This is not easy and convenient in 
reliability practice. Therefore, in the next section we will discuss some new models 





Chapter 2                                                                                            Literature Review 
 27
2.2 Bathtub Failure Rate Distributions 
As we can observe from the publications of Weibull related distribution, relationship 
with Weibull distribution is emphasized and has many advantages in applications. 
Hence, the extension of the Weibull model attracts a great deal of researchers and 
reliability engineers. Murthy et al. (2003) proposed taxonomy for Weibull family 
models. They group the family into different types and investigate the mathematical 
structures and basic properties of the models in each category. The seven types of 
Weibull family models are: model by transformation of Weibull variable; model by 
transformation of Weibull distribution; univariate model involving multiple 
distributions; varying parameters model; discrete model; multivariate model; and 
stochastic process model. Among these extended Weibull models (classified as 
Weibull family models), those models with bathtub property are very useful to fit the 
lifetime data of industrial and manufacturing components. In this section, we will  
concentrate on the extended Weibull models with bathtub characteristics. 
Considerable extended models with bathtub shaped failure rate (BFR) functions 
have been focused and discussed among researchers during recent years. An early 
review on bathtub distributions was given by Rajarshi and Rajarshi (1988). This paper 
conducted a systematic survey on bathtub distribution issues, including its definition, 
verifiable conditions, and methods of constructing BFR with a list of bathtub 
distributions at the end. Since dozens of publications appeared in the last decade, 
another updated and more detailed paper by Lai et al. (2001) fully summarized the 
proposed bathtub distributions, the techniques of constructing such distributions, 
properties of bathtub distributions, with the discussions on mean residual life function, 
optimal burn-in times and BFR applications as well. 
 
Chapter 2                                                                                            Literature Review 
 28
2.2.1 Definitions, properties and constructions of BFR distribution 
There are some different definitions of bathtub distribution by different authors. Glaser 
(1980) gave the definition of BFR, which is strictly monotonic in the individual 
regions: 
Definition 1: Let F be a cdf with a continuous failure rate function h(t). Then F is BFR 
if there exits a t0 such that:  
(a) h(t) is decreasing for any t < t0; (b) h(t) is increasing for t > t0.  
In other words, h' (t) < 0 for t < t0, h' (t0) = 0 and h' (t) > 0 for t > t0.  
Hence, it is possible that the bathtub defined in Definition 1 does not contain a 
constant life period. 
 
A flat part of the bathtub is permitted in a less strict definition of BFR in Mitra 
and Basu (1995), where BFR is defined as: 
Definition 2: A life distribution F which is absolutely continuous and having support 
[0, ∞) is said to be a bathtub failure distribution if there exists a t0 > 0 such that h(t) is 
non-increasing for [0, t0) and non-decreasing on [t0, ∞).  
Mi (1995) also gave a similar definition of BFR as to Definition 2, which is 
defined by the two changing points of the failure rate function. His definition is more 
generalized to contain IFR, DFR and BFR distributions.  
Besides, other authors define BFR from different angles instead of failure rate 
function. For example, Haupt and Schäbe (1997) defined BFR through a unimodal 
shape of the conditional reliability function. Deshpande and Suresh (1990) defined 
BFR through the negative log function of the reliability function. Although BFR can 
have different definitions, it is clear that the generalized BFR distributions include IFR 
distributions, strict BFR distributions (as by Definition 1) and DFR distributions. 
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Basic properties of BFR distributions were summarized in Rajarshi and 
Rajarshi (1988). Mitra and Basu (1996) also provided a comprehensive study on the 
basic properties of BFR life distributions. They further presented the exponential 
bounds for the survival function and moments of BFR. Issues like the closure 
properties of BFR under coherent systems, convolutions and mixtures and so on were 
proved in this paper as well. It is found out that the convolution of bathtub failure rate 
models is not necessary in BFR family, and the mixture of BFR distribution is also 
unnecessary a BFR lifetime distribution (Mitra and Basu, 1996). 
There are many methods of constructing BFR distributions. Both Rajarshi and 
Rajarshi (1988) and Lai et al. (2001) listed ways of constructing techniques. The most 
commonly used methods include:  
 Convex function method defined from a positive convex function (Rajarshi and 
Rajarshi, 1988) 
 Method of reliability and stochastic mechanisms (Rajarshi and Rajarshi, 1988), for 
example, competing risk models by Murthy et al. (1973), Canfield and Borgman ( 
1975)  
 Stochastic failure model (e.g., Mitra and Basu, 1996) 
 Mixture model (e.g., Krohn, 1969) 
 Glaser’s technique (Glaser, 1980) 
 Function of random variable (Griffith, 1982) 
 Polynomial of finite order method (Jaisingh et al., 1987; Shooman, 1990) 
 TTT transformation method (Kunitz, 1989; Haupt and Schäbe, 1997) 
 Truncation of DFR distribution (Schäbe, 1994) 
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2.2.2 Frequently used BFR distributions 
The BFR distributions were classified into two categories (Lai et al., 2001): BFR 
distributions with explicit failure rate functions and BFR distributions with unknown 
or unwieldy failure rate functions.  
Take, some frequently used bathtub models, for example. Bain (1974, 1978), 
Gore et al. (1986) considered the quadratic failure rate function that has a bathtub 
shape. Murthy et al. (1973) and Hjorth (1980) proposed the exponential power 
distribution with increasing, decreasing, constant or bathtub shaped failure rate 
function. Mudholkar and Srivastava introduced the exponentiated Weibull distribution 
by adding a power parameter to the Weibull distribution (Mudholkar and Srivastava, 
1993). Another new generalization of the Weibull distribution is the modified Weibull 
distribution discussed in Lai et al. (2003). Besides, Chen proposed his new model in 
his paper (Chen, 2000).   
In addition, some other papers also investigated the combination of several 
Weibull distributions for BFR, such as the competing risk model, multiplicate model, 
and sectional model given in Jiang and Murthy (1995a). Graphical methods and 
representation of the mixed Weibull distributions were discussed in Jiang and 
Kececioglu (1992) and Jiang and Murthy (1995b, 1999b). Xie and Lai (1996) also 
developed an additive model with bathtub shaped failure rate. Some frequently used or 
recent bathtub models will be looked into in this review. 
 
1). Competing risk model (Murthy et al., 1973) and IDB distribution (Hjorth, 1980) 






−= ++ ,                (2.29) 
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where 2;0,, >> δγβα . h(0) = α, and  ( ) as th t →∞→∞ . 
 When δ = 2, the reduced model, with the name of IDB distribution, is discussed 
in Hjorth (1980), which has a failure rate of: 




α γβ= ++ ,                  (2.30) 
where 
2
αβγ < . The IDB distribution has bathtub curve shaped failure rate when 
βθδ <<0 . 
 
2). Quadratic and generalization model (Bain 1974, 1978; Gore et al., 1986) 
This model has a bathtub failure rate function with the form of: 
2( )h t t tα β γ= + + ,                  (2.31) 
where parameters 0, 0, 0α β γ≥ < > .  
Here h(0) = α, and  +∞ → +∞→tth )( . Rajarshi and Rajarshi (1988) included 
the exponential form of this model as one of the BFR models and demonstrated its 
bathtub curve property when 0)(2 5.0 <≤− βαγ .  
 
3). Mixture failure rate family (Gaver and Acar, 1979) 
This is a family of models which has a failure rate function of 
 ( ) ( ) ( )h t g t k tλ= + + ,                 (2.32) 
where ( ) 0g t >  is a decreasing function and lim ( ) 0
t
g t→∞ → ; ( )k t  is an increasing 
function, (0) 0k =  and lim ( )
t
k t→∞ → ∞ ; parameter λ is a constant such that ( ) 0h t > . 
Many BFR models, such as Jaisingh et al. (1987), Canfield and Borgman (1975) and 
Quadratic and generalization model (Bain 1974) are special cases of this family. 
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4). Exponentiated Weibull family distribution by Mudholkar and Srivastava (1993)  
This distribution involving one additional parameter θ is generalized from the standard 













,                             (2.33) 
where , , 0α θ σ > . The shape of h(t) is independent of σ and varies with α and θ. 
When 1>α  and 1<αθ , the model exhibits bathtub shaped failure rate function 
(Mudholkar et al., 1996). Using transformation of 
ln{ ln[1 exp( ( / ) )] }xy e β να= − − − ,                (2.34) 
the graphical plotting method can be used to obtain the parameter estimation, see Jiang 
and Murthy (1999a). It is also pointed out that graphical approach is crude, and often 
the only approach for small sample size data sets. For large sample, this can be used as 
a starting point to obtain better estimates using more refined statistical approaches.  
 
5). Modified Weibull distribution (Lai et al., 2003) 
This model has the failure rate function of 
1( ) ( ) b th t a b t t eλλ −= + ,                 (2.35) 
with parameters a > 0, 0,0 >≥ λb . When 10 << b , h(t) is a bathtub shape failure rate 
function. An interesting feature is that changing point of failure rate function t* 
increases as λ  decreases. An advantage of this model is that the model parameters can 
be estimated easily compared to the exponentiated Weibull model and this model is 
also related to some useful distributions such as the standard Weibull model and 
extreme value distribution. The parameters could be estimated by both the graphical 
method and MLE method. 
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6). Additive Weibull model (Xie and Lai, 1996) 
The additive Weibull model presented by Xie and Lai can also be used to fit the 
bathtub hazard function. The cumulative hazard function H(t) is derived from two 
Weibull distributions, one with decreasing and the other with increasing failure rates.  
db ctattH )()()( += ,                  (2.36) 
with t ≥ 0, a ≥ 0, c ≥0 and b > 1, d < 1. The failure rate function is given by 
( ) ( )1 1( ) b dh t ab at cd ct− −= + .                (2.37) 
On one hand, when t is small, the failure rate function is decreasing; on the 
other hand, when t is large enough, the function is an increasing function. With the 
additive model, one can determine the optimum burn-in time of the product from the 
failure rate function once knowing the failure rate of the burn-in time or the wear out 
stage. Besides, this new model has a simple form and can be applied graphically with 
less complexity (Xie and Lai, 1996).  
 
7). Exponential power model (Smith and Bain, 1975) and double exponential power 
model (Paranjpe et al., 1985) 
The hazard rate of exponential power model is: 
 ( ) ( ) ( )1 expb bh t b t tβ β β−  =   ,               (2.38) 
where b >0 and β >0. When b<1, it has a bathtub shaped failure rate function. Dhilon 
(1981), Paranjpe et al. (1985) and Leemis (1986) also discussed and applied this model 
for failure data analysis. 
The hazard rate of double exponential power model is: 
 ( ) ( ) ( )1 exp exp exp 1h t t t tα α αβα β β−= −   ,              (2.39) 
where α <1. See more discussions in Paranjpe et al. (1985, 1986). 
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8). Chen’s model (Chen, 2000) 
Chen (2000) provided a new two-parameter lifetime distribution with failure rate 
function of  
( )1( ) exph t t tβ βλβ −= , 0>λ and 0>β ,              (2.40) 
which exhibits a bathtub shape when 1<β , and an increasing shape when 1≥β . A 
good property of this new model is that the exact confidence intervals for the shape 
parameter and the exact joint confidence regions for the two parameters have closed 
forms (Chen, 2000).  
 
 
2.2.3 Applications of BFR distributions 
There are also considerable applications of BFR distributions for the analysis of 
various types of failure data. For instance, Paranjpe and Rajarshi (1986) applied the 
exponential power model and double exponential power model to analyze the life span 
of birds.  Gore et al. (1986) used the quadratic failure rate model to predict the 
decomposition rates of heaps of special deer specie in a reserve. Siddiqui and Kumar 
(1991) applied the finite range model (Mukherjee and Islam, 1983) to estimate the 
failure of V600 indicator tubes used in aircraft radar sets. Xie and Lai (1996) studied 
an actual set of car failure data during unit tests using additive Weibull model. 
Mudholkar and Kollia (1994) applied the exponentiated Weibull model to monitor the 
historical flood data in the US. Gross and Clark (1979) also pointed out that BFR 
distribution is highly applicable for preventive maintenance schemes. Pamme and 
Kunitz (1993) investigated the water pump data using the mixed gamma model. The 
failures of electronic devices were analyzed by different BFR models and proved to fit 
better than Weibull distribution (Aarset, 1985; Mudholkar and Srivastava, 1993; Lai et 
al., 2003). 
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2.3 Comments 
Most of the above models do not have a strictly constant failure rate life phase. 
However, the curve could usually be adjusted to exhibit a comparatively flat shape if 
the parameters are selected properly.  
Furthermore, the BFR models mentioned above have their own pros and cons. 
All are good for extensions of the basic standard Weibull distribution and can exhibit 
bathtub shaped failure rate. Some models have simple form with very few parameters. 
Some models have more distinguished property with graphical estimation techniques. 
In most scenarios, the maximum likelihood estimation can be used with the help of 
computer software to find the parameter estimations. Some mixture models, although 
containing more parameters, are more flexible in monitoring different types of hazard 
rate. There are also models which are illustrative from the construction of failure rate 
as a competing risk involving different types of monotonic models. Although different, 
these models can be applied to specific engineering products in real life. 
Besides, many models would be suitable to model certain sample data, thus one 
will always face the problem of choosing the best BFR distribution. If the sample size 
is large enough, one can use statistical techniques or computer programs to assist in 
choosing the optimal model.  If the sample is small, graphical method can be used 
here.  
It is agreed that only when the benefit from the new method outweighs the cost 
and effort of replacing the traditional Weibull distribution and processing the new BFR 
model, the new distribution can be considered to enhance the accuracy of modeling life 
data.  
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Chapter 3 




Tremendous discussions have been carried out on Weibull model and its properties 
ever since the introduction of Weibull distribution (Weibull, 1951) to estimate failure 
life data. Recently many researchers have also contributed to the studies on the 
extension models of Weibull distribution so that it can be applied to solve more 
practical and realistic failure data, especially those with bathtub-shaped failure rate. 
Among those extension models, a three-parameter distribution, namely the 
modified Weibull distribution, which can be used to model bathtub-shaped failure rate 
lifetime data, was proposed in Lai et al. (2003). This model is derived from taking 
approximate limits on a beta-integrated distribution; and Weibull model and several 
other models are the special cases of the model. The model has been shown to give 
better fit than other models, at least in several cases, so that it is certainly one of the 
suitable alterative lifetime models when the failure rate function exhibits a bathtub 
shape. Moreover, it is quite impressive that both straightforward graphical estimation 
method and maximum likelihood estimation method can be used to estimate the 
parameters. 
Given a set of experimental data for certain products, one faces the problem of 
choosing a suitable reliability model to explain the life data. In those cases when the 
data follows a Weibull distribution, methods of Maximum Likelihood, Weibull 
Probability Plotting, and Hazard Rate Plotting are frequently used in estimating the 
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parameters of the underlying model parameters. Where the data do not follow a 
Weibull distribution, these Weibull related analyses are not accurate. Therefore, it is 
necessary to determine the degree to which the estimated distribution can fit the data. It 
leads to consider the goodness-of-fit tests for assessing Weibull distribution. Although 
the modified Weibull distribution was proposed for representing bathtub failure data, 
we should always investigate whether it is necessary to give up the simple form of 
Weibull distribution and apply the more complex extension model. Only when there is 
really enough evidence that the extension model shows a significant improvement of 
goodness of fit should the new model be used. 
 Statistical test related to Weibull and bathtub-shape failure rate distributions 
can be found in papers such as Aarset (1985), Xie (1989), Haupt and Schäbe (1997). 
One of the very frequently used graphical techniques of identifying the bathtub shape 
is the TTT plot (Barlow and Campo, 1975; Bergman and Klefsjö, 1984). It is 
demonstrated that the model is bathtub distribution if the scaled TTT plot is initially 
convex and then concave, as an s-shape curve (Aarset, 1987).  
In addition, score tests (Rao, 1948) are general statistical inference tests and 
can be applied to various distributions (Crowder and Kimber, 1997, and Yang and 
Abeysinghe, 2003). McKenzie (1986) also proposed alternative score tests and their 
properties. A review of the development of score tests was given by Mukerjee (1993).  
The purpose of this chapter is to study some useful inferences on the modified 
Weibull distribution and then consider the goodness of fit tests of the Weibull model 
against the modified Weibull model. Our emphasis will be on the modified score test 
and its power.  
Section 3.2 will begin with a review of the generally accepted goodness-of-fit 
tests for the Weibull distribution. It follows in Section 3.3 which will briefly review 
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the properties of the MLE associated with the modified Weibull distribution. It also 
develops the Fisher Information matrix for the confidence intervals of the estimated 
parameters in the large sample cases. Section 3.4 considers a score test, the Wald test 
and the likelihood ratio test for the large sample cases. Section 3.5 provides a 
numerical example in which the failure data in Aarset (1987) is used for illustration 
and comparison of the goodness-of-fit tests of the Weibull. In Section 3.6 we explore 
and compare the goodness-of-fit tests of Weibull distribution against modified Weibull 
distribution using Monte Carlo simulations. Finally is the conclusion in Section 3.7. 
 
3.2 Goodness-of-fit Tests for the Weibull Distribution 
The goodness-of-fit test for the Weibull distribution can be generally described as: 
0H : The population follows the estimated Weibull model 1H↔ : The estimated model 
is not suitable. 
There are a number of goodness-of-fit tests based on the empirical distribution 
functions. For example, the Chi-Square, Kolmogorov-Smirnov Cramer-von Mises and 
Anderson-Darling tests and so on could be used to test the goodness-of-fit of the 
Weibull model. 
Lawless (1982) summarized the goodness-of-fit tests for the Weibull and 
extreme value distribution. Four tests (the likelihood ratio test as sub-model of gamma 
distribution, Mann test, Tiku Test and C-M test) were discussed in details. Littel et al. 
(1979) also considered some goodness-of-fit test for the Weibull distribution. Dodson 
(1994) included and compared some goodness-of-fit tests for Weibull distribution in 
details.  
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Several goodness-of-fit tests proposed for Weibull distribution that are 
frequently used are: 
 Graphical method 
 Chi-Square test 
 Kolmogorov-Smirnov test 
 Anderson-Darling test 
 Cramer-von Mises test 
 Hollander-Proschan test 
 Mann-Scheuer-Fertig test 
 Tiku test  
 
3.2.1 The graphical method and test 
In case of two-parameter Weibull distribution, the graphical method, i.e. the Weibull 
Probability Plotting, is generally applied to estimate the parameters. This procedure 
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versus lnt.  The coefficient of determination, 2r , provides a quantitative measure of 
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−= + ,         (3.4) 
where i is the order of the failure and n is the sample size. 
 2r  represents the percentage of variation that can be explained by the estimated 
model from Weibull Probability Plot. Its value is within 0 and 1. A higher value 
indicates that the model is more adequately fitting the lifetime data. 
As pointed out in Loftus and Loftus (1988), using the r-t distribution 
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= − + .        (3.5) 
The model is adequate if the calculated value of r is greater than or equal to the critical 
value cr . 
 
3.2.2 Chi-Square test 
The well-known chi-square test is carried out by grouping the original data into 
intervals and then comparing the difference between the observed frequency and the 
expected frequency.  
To perform the test, first, group the data by intervals; Second, compute the 
difference between the observed and the expected frequencies for each interval of the 
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data set; Third, sum up the squared differences as a fraction of the expected 
frequencies. Assume the failure times are divided into k intervals, and let iO  be the 
observed frequency in the ith class interval and iE  be the expected frequency under the 









−= ∑ .        (3.6) 
When the null hypothesis is valid, the statistic 20X  has approximately a chi-
square distribution with k-p-1 degrees of freedom. Therefore, p=2 is the number of 
parameters of the Weibull distribution estimated from the sample. Reject the null 
hypothesis that the distribution of the population is the Weibull distribution if the 
calculated value of the test statistic 2 20 , 3kX αχ −> . 
 
3.2.3 Kolmogorov-Smirnov test 
To perform the general Kolmogorov-Smirnov test (Chakravarti et al., 1967; Lawless, 
1982), the maximum distance between the cumulative frequency of the failure times 
and the theoretical cumulative frequency provided by the estimated model is required. 
If this distance is large enough, the hypothesis that the chosen model fits the failure 
times will be rejected. The distances between theoretical frequency and observed 
frequency are expressed as: 
( ){ }01maxn ii n iD F xn+ ≤ ≤= − ,        (3.7) 




max ,n n ni nD D D
+ −
≤ ≤
= ,        (3.9) 
Chapter 3                                                                                                 Model Validity 
 42
where 0 ( )iF x  is the cumulative distribution function evaluated at ix . 
The critical points when the parameters are unknown are given in Littel et al. 
(1979). The null hypothesis of Weibull distribution will be rejected if the maximum 
distance in Equation (3.9) is greater than or equal to the critical values. 
 
3.2.4 Anderson-Darling test 
The Anderson-Darling test is a very frequently used goodness-of-fit test as well. It has 
the test statistic 2nA  with an expression of: 
( )[ ]{ }2 1
1
2 1 ln ln 1
n
n i n i
i
iA z z n
n + −=
−= − + − −∑ ,              (3.10) 
where 0 ( )( )i iz F x=  is the cumulative distribution function evaluated at it . 
The tables in Stephens (1974) and Pearson and Hartley (1972) provide the 
percentage points for the test statistic under H0, although the tables are accurate only 
when parameters and the cumulative distribution can be fully specified. When the 
parameters are unknown, the critical values for 2nA  of Weibull distribution and Type I 
extreme value distribution can be obtained using Monte Carlo methods at different 
significance level and sample size (Stephens, 1977; Littel et al., 1979). Proposed 
distribution will be rejected if the value of the statistics is greater than the critical 
value. 
 
3.2.5 Cramer-von Mises test 
The Cramer-von Mises test statistic is another test based on the empirical distribution 
function. It is obtained from 












− = − +  ∑ ,                (3.11)
where 0 ( )( )i iz F x=  is the cumulative distribution function.  
The CM test is a distribution free test. The distribution of test statistic 2nW  is 
difficult to specify, and the percentage point for the test statistic is obtained in Durbin 
(1973) and Stephens (1974).   
 
3.2.6 Hollander-Proschan test 
The Hollander-Proschan test (Hollander, 1983) is performed by detecting difference 
between the theoretical reliability function and the Kaplan-Meier estimate of the 
reliability function. It is known that the Kaplan-Meier estimate or product-limit 










− =  − + ∏ ,                (3.12) 
where jδ  is 1 for censored component and 0 for failed component.  
For the complete failed ordered data, let )(0 tR  and )(ˆ tR  be the estimated 
reliability under null hypothesis and the K-M estimate respectively, then  
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= −  − +∑ .               (3.13) 
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− −= .               (3.14) 




−= ,                 (3.15) 
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and C* is approximately following a standard normal distribution and coefficient σˆ  is 
estimated from 16/ˆ Y=σ . The computations of the values of both C and Y are 
defined as in Equations (3.13) and (3.14) which will be further illustrated in the later 
numerical example. 
 
3.2.7 Mann-Scheuer-Fertig test 
Mann et al. (1973) also proposed an M-F-S test for the goodness-of-fit test of Weibull 
distribution and extreme value distribution, which can also be extended to the Type II 
censored data sets. The test is performed by the following procedures: 
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               (3.16) 
where 1t , 2t , ..., rt  are the first r failures of the sample with n components. [r/2] is the 
greatest integer less than r/2. The value of )( )(iZE  is the expectation of the standard 
extreme value order statistics.  
 The critical values of S can be obtained from the table given in Mann et al. 
(1973). Approximation expressions for both )( )(iZE  and S are valid when the sample 
size is large. 
 
3.2.8 Discussions 
Above all, there are a number of proposed parametric and nonparametric GoF tests for 
Weibull distribution. Some research has been conducted to evaluate the power of the 
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test in order to compare some of these tests for different types of censoring data using 
either MLE or graphical estimation. For example, Lawless (1982) has also some 
discussions on several of the goodness of fit tests. It is reported that the chi-square test 
and the Kolmogorov-Smirnov test are not as powerful as the other tests, such as M-F-S 
test (Mann et al., 1973). Especially when the sample size is small, both the tests are not 
good enough to investigate the fits of the chosen model. As for the graphical goodness 
fit method, it is mostly used in the GoF analysis due to its measurability. It is 
preferable because it has a simple and graphical form and this method can also be used 
in many different kinds of censoring situations.  
Moreover, it is pointed out that the Hollander-Proschan test should not be 
applied when the data are heavily single censored (Dodson, 1994). Gibson and Higgins 
(2000) proposed a new Gap-Ratio GoF test, which is a graphical diagnostic and can be 
used with censored data. Their results suggest that this test outperforms the M-S-F test. 
Besides, Liao and Shimokawa (1999) provided an “L-n” test and found out that this 
“L-n” test in combination of graphical estimation has a very good power for the 
Weibull distribution.  
Next, Section 3.5 will illustrate most of the GoF tests with a numerical 
example. A power of test study will be included in order to compare the GoF tests of 
score test and likelihood test and these GoF tests.  
 
3.3 Modified Weibull Distribution and its Properties 
3.3.1 The modified Weibull distribution 
The modified Weibull distribution proposed by Lai et al. (2003) is a three-parameter 
model with reliability function, probability density function and failure rate function 
given, respectively, as follows: 
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( )( ) exp b tR t at eλ= − ,                 (3.17) 
( ) ( )1( ) expb b tf t a b t t t at eλλ λ−= + − ,               (3.18) 
( ) 1( ) b th t a b t t eλλ −= + ,                (3.19) 
where a >0, b ≥0 and λ ≥0. It is shown in Lai et al. (2003) that, for 0< b <1 and λ >0, 
the distribution can be used to model bathtub-shaped failure rate life data. Moreover, 
when λ=0, the modified Weibull reduces to the standard two-parameter Weibull 
distribution. Figure 3.1 shows an example of the curve of the hazard rate functions 
with different shape parameters. 
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Figure 3.1: Hazard rate plot of the modified Weibull distribution for different 
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It is observed that two curves in Figure 3.1 have increasing failure rate when 
the value of b is greater than or equal to 1. Figure 3.2 also displays the bathtub failure 
rate curve at different values of parameter λ.  






















Figure 3.2: Hazard rate plot under different λ 
 
Figure 3.2 shows that the bathtub shape of the failure rate curve will be flatter 
when λ is smaller. 
 
3.3.2 Maximum likelihood estimation 
The score test based on the Fisher information matrix can be derived to investigate the 
aptness of the standard Weibull distribution versus the modified Weibull distribution. 
A likelihood ratio test is also used to investigate the aptness of the standard Weibull 
versus the modified Weibull distribution. 
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Suppose the times to failure for a sample with n completely failed components 
are ordered as t1 ≤ t2 ≤ … ≤ tn, the maximum likelihood function can be expressed as: 





i i i i i
ii
L a b t t t at tλ λ λ−
==
 = + −        ∑∏ ,            (3.20) 
where n is the number of failures. Hence, the log likelihood function is: 
( ) ( ) ( )
1
ln ln ln 1 ln exp
n
b
i i i i i
i
L n a b t b t t at tλ λ λ
=
= + + + − + −  ∑ .           (3.21) 
The MLE of modified Weibull distribution can be obtained from the first derivatives of 
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 ∂= = + − ∂ + ∑               (3.24) 



























)( .                 (3.25) 
Equating the above score vector to zero, we can find the MLE. Further, under mild 
conditions (Cox and Hinkley, 1974), the log likelihood function is asymptotically 
normal distributed. The score vector U(θ) has mean of 0 and the Fisher information 
matrix as the covariance matrix, which can be calculated from the expectations of the 
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negative second derivatives of log likelihood function, i.e., the Fisher information 
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where 
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.            (3.27) 
 
Due to the complexity of the expectations, under mild conditions, the observed 
information matrix is used as a consistent estimator of the information matrix I(θ) to 
obtain the confidence intervals of the parameters and perform hypothesis test on the 
parameters.  
The hypothesis test of:  
H0: λ=0 Ù H1: λ≠0, 
is meaningful to test the Weibull model against modified Weibull model. If the 
parameter can be assumed to be zero, there is no need to apply the bathtub failure rate 
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model to analyze the failure data. In the next section, we will discuss a score test based 
on large-sample methods, the frequently used Wald test and the likelihood ratio test of 
the Weibull distribution which is a special case of the modified Weibull distribution.  
 
3.4 Tests of the Weibull Distribution Against a Modified Weibull 
Distribution 
In this section, the score, Wald and likelihood ratio tests are described and modified 
for the test of the Weibull against the modified Weibull alternative. Essentially, the 
likelihood ratio test requires estimation under both the null and alternative hypotheses, 
whereas the score test requires estimation only under the null hypothesis, and the Wald 
test requires estimation only under the alternative hypothesis. These tests are 
asymptotically optimal (Rayner, 1997). In the present model, we test the hypothesis 
0λ =  versus  0λ ≠  with a  and b  being nuisance parameters.  
 
3.4.1 Score test and Wald test 
Under mild conditions, MLE )ˆ,ˆ,ˆ(ˆ λθ ba=  is asymptotically [ ])(, 13 θθ −IN  (Lawless, 
1982), and therefore, the test statistic 
),ˆ)(()ˆ( 000 θθθθθ −′− I                  (3.28) 
for testing the hypothesis 0 0:H θ θ= , asymptotically follows a chi-squared 
distribution. For the hypothesis test of λ=0, the above score test can be modified by 
replacing the covariance matrix by the corresponding observed information matrix. 
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Under H0, the Wald test with test statistic W:  
W= [ ])]ˆ(2ˆ θλ J                   (3.29) 
is asymptotically chi-square distributed with one degree of freedom, where 
2 2 2
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,1
0
1( ) [ 2 ] / [ ]aa b bb a ab a b aa bb abJ I I I I I I I I I I II λλ λ λ λ λ θλλ
θ −= = − + − − . 
                   (3.30) 
( ( )J θ  is the reciprocal of the element at the third row and the third column of the 
inverse of the information matrix ( )I θ ). 
 
On the other hand, let ( , ,0)a b=  θ , with a~  and b~  being the maximum 
likelihood estimators of the scale and shape parameters of the modified Weibull 











 ,                  (3.31) 
and by solving the equation of 
1 1 1
1 1 ln ln 0
n n n
b b
i i i i
i i i
t t t t
nb = = =
+ − =∑ ∑ ∑  .               (3.32) 
The score test given by the test statistic  
2 1[ ( , ,0)] [ ( , ,0)]S U a b J a bλ
−=                    (3.33) 
is asymptotically chi-square distributed with one degree of freedom, where  
1
1 1










∂= = + −∂ ∑ ∑    .              (3.34) 
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3.4.2 Likelihood ratio test 
The likelihood ratio test is an alternative method to test the Weibull distribution against 
the modified Weibull distribution. It compares the likelihood value of the model under 
null hypothesis of Weibull distribution with that of the modified Weibull distribution. 
The test statistic is asymptotically chi-square distributed with degrees of freedom 
equaling to the number of parameters to be tested. 
Therefore, the likelihood ratio test statistic of H0: λ=0 versus H1: λ>0 is: 
[ ])ˆ,ˆ,ˆ(/)0,~,~(ln2 λbaLbaL−=Λ ,               (3.35) 
where L is the likelihood function. a~  and b~  are the maximum likelihood estimates of 
a and b when λ=0. Λ  follows the chi-square distribution with one degree of freedom. 
 
3.4.3 Comments 
The score test, Wald test and likelihood ratio test can generally be used for any types 
of censored failure data. But both the score test and likelihood ratio test are more 
effective only when they are used to test the model in the family of a certain 
distribution, such as the modified Weibull distribution here.  
Although the score test, Wald test and the likelihood ratio test are all derived as 
the methods to perform the hypothesis tests on the parameter λ, each test has its own 
advantages and disadvantages. Generally, the score test is required to obtain the MLE 
under null hypothesis and calculate the corresponding statistic based on Fisher 
information matrix. The Wald test requires the computation of MLE under alternative 
hypothesis and corresponding information matrix. In contrast, the likelihood ratio test 
has to obtain not only the MLE under null hypothesis, but also MLE of the modified 
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Weibull model. A good property of likelihood ratio test is that it can be applied to any 
arbitrary censoring data or grouped data.  
In addition, there are many general goodness-of-fit tests based on empirical 
distribution functions derived. Chi-Square test, Kolmogorov-Smirnov test, Cramer-von 
Mises and Anderson-Darling test and etc. could also be used to test the goodness-of-fit 
of the Weibull model. In Section 3.6, we will compare all the tests and study the 
powers of different tests.  
 
3.5 A Numerical Example 
Consider the failure data of 50 electrical devices in the journal paper by Aarset (1987), 
the failure data was analyzed and shown to possess bathtub shaped failure rate function 
based on the TTT plot.  
 
3.5.1 Parameter estimation using a modified Weibull distribution 
The maximum likelihood estimates of the modified Weibull model are: 
aˆ  = 0.0624, bˆ  = 0.3548, and λˆ  =0.0233,  
with log-likelihood as log L= -227.155.  
Figure 3.3 is the Weibull Probability plot using both the Weibull distribution 
and modified Weibull distribution to analyze the failures. 
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Based on the large sample inference property and assume the regularity conditions are 
satisfied, the 95% confidence interval estimations for the parameters are shown in 
Table 3.1. 
Table 3.1: MLE and 95% confidence intervals of modified Weibull model 






a:              0.0624 0.0618  0.0631  
b:              0.3548 0.2680  0.4416  
λ:              0.0233 0.02328 0.02335 
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3.5.2 Tests of Weibull distribution against modified Weibull distribution 
The test of the Weibull distribution against the modified Weibull model can be 
described as the test of H0: λ=0 versus H1: λ>0. Different goodness of fit tests are 
illustrated as below. 
 
1). Likelihood ratio test 
Under null hypothesis of λ=0, the estimations and log-likelihood value are: 
 a~ = 0.027, b
~ = 0.949, 
with log-likelihood ln L’= -241.002. Hence the test statistic is 
ˆ ˆˆ2 ln ( , , 0) / ( , , ) 27.693L a b L a bλ λ Λ = − = =  . 
On the other hand, 345.62 1,99.0 =χ . Since the p-value is less than 1%, we are very 
confident to reject our null hypothesis that the parameter λ is equal to 0, i.e., the 
Weibull distribution cannot provide a suitable model for the device failure data. 
 
2). Score test  
The observed value of the test statistic 2 1( , ,0) ( , ,0)S U a b J a bλ
−=     is 25.709, which is 
much larger than the chi-square test critical value of 6.345, and thus we are confident 
that the null hypothesis is rejected in favor of the alternative.  
 
3).Wald test 
Applying the Wald test, we have the test statistic 
W = 2λˆ ˆ( )J  θ 23.183 = , 
which is also greater than chi-square critical value. Hence the null hypothesis of 
Weibull distribution will be rejected. 
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4). K-S test 
For the Kolmogorov-Smirnov test, the test statistic is 0.193 with the p-value equals 
0.04. Hence, at 5% confidence level, we can reject the null hypothesis that the 
population follows a Weibull distribution. Furthermore, the K-S test statistic with the 
null hypothesis that the population follows the modified Weibull distribution is 0.133 
has a p-value of 0.31. In other words, the first K-S test on Weibull distribution rejects 
the hypothesis that the data is from a Weibull distribution, while the second K-S test 
does not reject the null hypothesis that it follows a modified Weibull distribution. The 
K-S test is valid to test the fit of underlying distribution to the failure data. 
 
5). A-D test 
The A-D test statistic for the Aarset data is 3.479, which is higher than the critical 
value of 0.736 at 5% level of significance. Therefore null hypothesis is also rejected by 
the Anderson-Darling test.  
 
6). C-M test 
The test statistic is obtained as 0.530, which is higher than the critical value of 0.121 at 
5% significance level. The null hypothesis is rejected as well.  
 
7). H-P test 
The Hollander-Proschan test is more complex in calculation. It is necessary to find the 
Kaplan-Meier reliability estimates first. The results are summarized in Table 3.2 on the 
next page. 
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0.1 1 0.98 0.02 0.997 0.0199 0.9879 0.0121 0.0121 
0.2 1 0.96 0.02 0.994 0.0199 0.9768 0.0111 0.0113 
1 5 0.86 0.10 0.973 0.0973 0.8975 0.0793 0.0901 
2 1 0.84 0.02 0.949 0.0190 0.8116 0.0859 0.0999 
3 1 0.82 0.02 0.926 0.0185 0.7359 0.0757 0.0902 
6 1 0.80 0.02 0.862 0.0172 0.5532 0.1827 0.2228 
7 1 0.78 0.02 0.843 0.0169 0.5039 0.0493 0.0616 
11 1 0.76 0.02 0.769 0.0154 0.3491 0.1548 0.1985 
12 1 0.74 0.02 0.751 0.0150 0.3188 0.0302 0.0398 
18 5 0.64 0.10 0.657 0.0657 0.1865 0.1324 0.2006 
21 1 0.62 0.02 0.615 0.0123 0.1431 0.0433 0.0677 
32 1 0.60 0.02 0.484 0.0097 0.0550 0.0881 0.1420 
36 1 0.58 0.02 0.445 0.0089 0.0391 0.0160 0.0266 
40 1 0.56 0.02 0.408 0.0082 0.0278 0.0113 0.0195 
45 1 0.54 0.02 0.367 0.0073 0.0182 0.0096 0.0171 
46 1 0.52 0.02 0.360 0.0072 0.0167 0.0015 0.0027 
47 1 0.50 0.02 0.352 0.0070 0.0154 0.0014 0.0026 
50 1 0.48 0.02 0.330 0.0066 0.0119 0.0034 0.0069 
55 1 0.46 0.02 0.298 0.0060 0.0078 0.0041 0.0085 
60 1 0.44 0.02 0.268 0.0054 0.0052 0.0027 0.0058 
63 2 0.40 0.04 0.252 0.0101 0.0040 0.0011 0.0027 
67 4 0.32 0.08 0.232 0.0185 0.0029 0.0011 0.0033 
72 1 0.30 0.02 0.209 0.0042 0.0019 0.0010 0.0031 
75 1 0.28 0.02 0.197 0.0039 0.0015 0.0004 0.0014 
79 1 0.26 0.02 0.181 0.0036 0.0011 0.0004 0.0015 
82 2 0.22 0.04 0.170 0.0068 0.0008 0.0002 0.0010 
83 1 0.20 0.02 0.167 0.0033 0.0008 0.0001 0.0003 
84 3 0.14 0.06 0.163 0.0098 0.0007 0.0001 0.0004 
85 5 0.04 0.10 0.160 0.0160 0.0007 0.0001 0.0009 
86 2 0.00 0.04 0.157 0.0063 0.0006 0.0001 0.0026 
SUM 50    0.466   1.344 
 
 
The value of C =0.466, and Y =1.344. The estimated standard deviation of C is  
ˆ /16 0.29Yσ = = ,  
and the test statistic is 
83.0ˆ/)5.0(* −=−= σCnC . 
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At 5% level of significance, the critical values of normal distribution are ±1.96. 
Since the test statistic * 0.83C = −  is inside the region of the critical values, there is not 
enough evidence to reject the null hypothesis of Weibull distribution. 
 
8). Graphical method 
To use the graphical method, firstly it is necessary to obtain the least square estimates 
of Weibull distribution parameters. It is found out that the estimated model is: 
*~a = 0.059, *~b = 0.736, or ]059.0exp[)(ˆ 736.0ttR −= . 
Figure 3.4 displays the Weibull probability plot. The correlation coefficient 9503.0=r  
















Since crr > , it is concluded that the estimated Weibull distribution is a reasonable 
fitted model to the failure data. 
However, it can be seen graphically even from the Weibull probability plot of 
Figure 3.4 that the fitting of a Weibull distribution is not good enough (although the 
coefficient of determination is as high as 90%). As a matter of fact, bathtub shaped 
failure rate model such as modified Weibull distribution should be considered to 
estimate the failures.  
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9). Chi-square test 
The test of chi-square goodness of fit requires the classification of original data into 
subgroups. The 50 failed data are grouped into 5 intervals and the procedures are 
shown in the Table 3.3 below. 
 










0 10 10.683 11 0.009 
10 30 14.033 8 2.593 
30 50 8.760 7 0.354 
50 80 7.656 11 1.460 
> 80 8.868 13 1.926 
Sum  50 50 6.342 
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Under null hypothesis, the test statistic 342.620 =X  follows chi-square distribution 
with 5-2-1=2 degrees of freedom. The critical value at 5% level of significance is 
5.991. Hence the p-value is 0.042, and the null hypothesis of Weibull distribution is 
rejected. 
 
In summary, in this numerical study, several goodness of fit tests of Weibull 
distribution have been applied. For all the tests except test based on Weibull 
probability plot and Hollander-Proschan test, we have rejected the null hypothesis of 
the Weibull distribution. The failure data itself is more strongly believed to be bathtub-
shaped failure rate property. The H-P test might be weak because it is based on the 
distance from the estimated nonparametric Kaplan-Meier reliability function and the 
data is taken from a bathtub-shaped failure rate distribution. Besides, the Anderson-
Darling test and Cramer-von Mises test also suggest that the modified Weibull 
distribution is adequate to fit the failure data. The score test, Wald test and the 
likelihood ratio test all perform well in this numerical example. These tests are 
effective to distinguish between the Weibull distribution and the BFR distribution. 
Finally, power of certain test like the graphical method of Weibull probability plot 
might not be as good as the other goodness of fit tests. 
 
3.6 Study of Power of Test for the Weibull Distribution Against the 
Modified Weibull Distribution 
Sophisticated software can usually be utilized to generate random data following 
certain statistical distribution. Matlab programs are compiled here in order to simulate 
data using a Monte Carlo method, and then investigate the power of the score test, 
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Wald and likelihood ratio tests and the other tests. The data will be randomly generated 
to follow the modified Weibull distribution having bathtub shaped failure rate. 
 
3.6.1 Simulation set-up 
Although inverse function of the reliability function has no simple closed form, it can 
be resolved using a Matlab program. The corresponding generated observation t is 
obtained by solving the non-linear equation of 
0ln =+ ueat tb λ ,                 (3.36) 
where random variable u follows the uniform distribution within the interval of [0 1]. 
Equation (3.36) can be simplified as follows. 
Let t
b





λ  = −   .                 (3.37) 









Hence, the random data generated as 
1




   = −    
               (3.38) 
follows the modified Weibull distribution with parameters (a, b, λ). Note that the 
function tbeat λ  is a monotonically increasing function in t over [0, +∞], which means 
that the solution to the Lambert’s W equation exists and is unique for any 0 ≤ u ≤1. 
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3.6.2 Findings and discussions 
Choose different values of λ, from 0.5 to 1.5, and simulate 5000 to 10000 samples of 
the data with various sample sizes chosen as 5, 10 (in steps of 10) to 50. The size of the 
simulation is sufficiently large to detect the order of powers of the tests. From the data 
generated, the Type II error with the null hypothesis test of the Weibull distribution at 
5% level of significance is calculated and the powers of the score test, the Wald test, 





Table 3.4: Power of test of different GoF tests for Weibull distribution against 
modified Weibull distribution 
 
Sample size / 
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The power of the various tests can be compared from the results in Table 3.4. 
Firstly, based on the overall performance of the tests, (for instance at n=50) the 
three special tests of (the score test, Wald test and the likelihood ratio test) have higher 
powers than the other two Empirical Distribution Free (EDF) tests (Anderson-Darling 
and Cramer-von Mises tests). The score test is the best, followed by the likelihood 
ratio test and the Wald test. For the two EDF tests, Anderson-Darling is seen to 
generally outperform the Cramer-von Mises test as sample size increases. It is also 
observed that the Anderson-Darling test has greater power than the Wald test when n is 
small. 
Secondly, when the sample size of the generated data increases, it is obvious 
that all hypothesis tests are more powerful to detect the departure from the null 
assumed model. This is also consistent to the tendency of the powers in the Table 3.4. 
 Thirdly, however, in the cases of small sample sizes such as n = 5 or 10, the 
power of the likelihood ratio test and the Wald test are not as good as that of the two 
EDF tests. This is not surprising since the former are only optimal when n is large. 
When dealing with sample of small or moderate sizes, the score test and the Anderson-
Darling test is relatively better. Cramer-von Mises test is also comparatively better for 
small sample size. However, none of the tests are considered to be suitable if the 
sample size is too small. 
Fourthly, when the sample size is moderate or large enough, all the three 
special tests significantly outperform the two EDF tests. These tests converge to the 
asymptotically normal distribution in case of the large sample data. The score test and 
the likelihood ratio test approach normality more rapidly than the Wald test. Both the 
score test and the likelihood ratio test have high powers of discrimination when sample 
size is at least 20.  
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Fifthly, by comparing the average power of tests at three chosen values of 
parameter λ, it is found out that the power is higher when λ is smaller. It is also noticed 
as in Figure 3.2 that when λ is smaller, the shape of the failure rate function is behaved 
as a flatter U curve.  
Finally, the choice of test also depends on the complexity of conducting such a 
test. With regard to the complexity of each test, the score test and the Wald test are 
good since we do not need to estimate the MLE of the modified Weibull distribution. 
However, the Fisher information matrix is needed. The likelihood ratio test does not 
require the Fisher information matrix, but the log likelihood under modified Weibull 
distribution is needed. An advantage of the three tests is that all of them can be 
extended to data with arbitrary censoring type. It is also important to note that all the 
three proposed tests are sufficient for the test of the Weibull distribution against 
bathtub failure rate model which is in the family of modified Weibull distribution. It 
might not be effective for the test if the data are not assumed to be close to modified 




In this chapter, we have considered the most frequently used goodness-of-fit tests with 
regard to the Weibull distribution. By investigating the fitness of the parametric 
distribution to the nature of the data, one can obtain support and check the validity of 
the underlying estimated model. Such tests are highly important for the reliability 
modeling analysis, especially when the researchers or engineers have to decide among 
several available models.  
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The bathtub failure rate distribution is considered to be necessary when the two 
parameter Weibull distribution can not provide satisfactory explanations of the failure 
data. The modified Weibull distribution (Lai et al., 2003) is shown to be of the bathtub 
failure rate models. By conducting study on the large sample inferences, a score test, a 
Wald test and a likelihood ratio test have been introduced to detect the fitness of the 
Weibull distribution. The power of the test study is carried out to compare the 
goodness of fit tests using the three specific tests and the two EDF tests (Anderson-
Darling test and Cramer-von Mises test). From the power study, it is found out that the 
score, Wald tests and the likelihood ratio test are generally more sensitive than the 
other two EDF tests. But in case of a small sample size, the Anderson-Darling test 
outperforms some special tests. Such results are consistent with Rayner’s (1997) 
findings on the three asymptotically optimal tests. 
Finally a numerical example which has bathtub-shaped failure rate property is 
applied for all the goodness of fit tests for the Weibull distribution. Most of the afore 
mentioned tests reject the null hypothesis. However, both the graphical method of 
Weibull probability plotting and the Holland-Proschan test do not reject the null 
hypothesis of the Weibull distribution, and they might not be suitable to perform the 
test under this circumstance. It is recommended to use the score test, Wald test or the 
likelihood ratio test to perform the hypothesis test of the Weibull distribution in 
alternative of the extended bathtub shaped failure rate distribution. 
Further power of test studies on these tests for the Type I or Type II censoring 
data or other types of failure data can be of future interests. More simulation studies 
can also be carried out to compare the other goodness of fit tests for Weibull 
distribution. Besides, the specific percentage points for the EDF goodness of fit tests of 
the modified Weibull distribution at different sample sizes when parameters are 
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unknown can further be investigated in order to test the goodness of fit of the modified 
Weibull distribution more accurately. This can also be served as valuable information 
to select the modified Weibull distribution from other alternative BFR models. 
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Chapter 4 
A Weibull Extension Model with Bathtub-Shaped Failure 
Rate Function 
 
4.1 Introduction  
The Weibull distribution is one of the most commonly used lifetime distributions and it 
is flexible in modeling failure time data, as the corresponding failure rate function can 
be increasing, constant or decreasing. On the other hand, for complex systems, the 
failure rate function can often be of bathtub shape. Models for such a failure rate 
function are needed in reliability analysis and decision making when the complete life 
cycle of the system is to be modeled. One possibility is to use a piecewise Weibull 
distribution, but many parameters are involved, the estimation is not accurate unless 
we have a very large sample size. It is also inconvenient to apply three different 
Weibull distributions to model the bathtub curve, which is the case when piecewise 
Weibull distribution is used.  
There are a number of papers dealing with models for bathtub shaped failure 
rate. For example, Hjorth (1980) proposed a three-parameter distribution with 
increasing, decreasing, constant or bathtub shaped failure rate function. Mudholkar and 
Srivastava (1993) introduced an exponentiated Weibull distribution. Xie and Lai 
(1996) gave another additive model with bathtub shaped failure rate. The parameters of 
this model can be estimated using graphical method. An additive Burr XII model of 
four parameters was studied in Wang (2000). There are also several other papers that 
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investigated the combination of two Weibull distributions for bathtub shape failure rate 
function, such as Jiang and Murthy (1995a). These models are reviewed and 
summarized in Chapter 2. 
Most of the models with bathtub shaped failure rate function are not a simple 
generalization of Weibull distribution. As the Weibull distribution is commonly used, 
it would be useful for models with bathtub shaped failure rate function to be an 
extension of Weibull distribution. Hence, we will consider generalization of Weibull 
models with bathtub shaped failure rate function. Also, most of models contain many 
parameters, which with limited number of data the parameters cannot be accurately 
estimated, so it is important to consider models with few parameters. 
An interesting two-parameter model that can be used to model bathtub shaped 
failure rate function was proposed in Chen (2000). Compared with other Weibull 
extended models, this new model has some useful properties. First, it requires only two 
parameters to model the bathtub shaped failure rate function. Second, the confidence 
intervals for the shape parameter and the joint confidence regions for the two 
parameters have closed form. However, this model is not flexible and does not include 
a scale parameter. This will be discussed in more detail later in this Chapter, as a new 
model will be proposed; and this model as an extension of Chen’s model with the 
inclusion of a scale parameter is more suitable for practical applications. 
This chapter is organized as follows. The new model and distributional 
properties are studied in Section 4.2. Section 4.3 investigates the relationship between 
this model and several other useful models. Section 4.4 is dealing with the parameter 
estimations, and both graphical method and maximum likelihood estimation will be 
considered. Two lifetime data sets are applied in Section 4.5 to illustrate the 
applications of the new model. Some comparative studies are also carried out between 
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the Weibull extension model and some other BFR models. Finally, the use of the new 
model for replacement time and burn-in time determination is highlighted in Section 
4.6. 
 
4.2 A New Weibull Extension  
The reliability function of new Weibull extension is given by 
{ }( / )( ) exp 1 tR t e βαλα  = −  ,        (4.1) 
for any 0,, >βαλ , 0≥t . The new Weibull extension is derived from Chen’s model 
which is reviewed in Chapter 2, and Section 4.3.1 explains the relationship to Chen’s 
model (2000) and the objective of extending Chen’s model. Besides, as it will be 
shown in Section 4.4, this extension model has the Weibull distribution as a special 
and asymptotic case and hence it can be considered as a Weibull extension. 
The corresponding failure rate function of Weibull extension model has the 
following form: 
( ) ( )1( ) / exp /h t t tβ βλβ α α−  =   .      (4.2) 
The shapes of the failure rate function, which can be of bathtub shape, will be 
demonstrated in this section. 
For the new Weibull extension distribution, the cumulative distribution 
function is given by: 
{ }( / )( ) 1 ( ) 1 exp 1 tF t R t e βαλα  = − = − −  ,                 (4.3) 
and the pdf is given by: 
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( ) ( ) ( )1 ( / )( ) / exp / 1 tf t t t e ββ β αλβ α α λα−  = + −  .    (4.4) 
 
4.2.1 Characteristic of failure rate function 
To study the shape of the failure rate function, first take the derivative of the failure 
rate function and we get 
( ) ( )2'( ) / exp / ( / ) ( 1)h t t t tβ β βλβ α α β α βα
−  = ⋅ + −    .   (4.5) 
The shape of the failure rate function depends only on the shape parameter β. Hence, 
the following two cases will be considered. 
 
Case 1: 1≥β  
i).  In this case, for any 0>t , ( ) 0h t′ > , and therefore h(t) is a monotonically 
increasing function; 
ii).  (0) 0h =   if 1>β  and (0)h λ= , if 1=β ; 
iii).  ( )h t → +∞  as +∞→t . 
 
Case 2: 0 1β< <  
i). Let *( ) 0h b′ = , we have the equation that  
( )* 1 0b ββ α β+ − = ,  
and by solving this equation, a change point of the failure rate can be obtained as 
( )1/* 1/ 1b βα β= − .        (4.6) 
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It can be seen that when 0 1β< < , *b  exists and is finite. When *t b< , ( ) 0h t′ < , the 
failure rate function is monotonically decreasing; when *t b> , ( ) 0h t′ > , the failure 
rate function is monotonically increasing. Hence, the failure rate function has a bathtub 
shape property. 
ii).   ( )h t → +∞  for 0→t  and +∞→t ; 
iii).   The change point *b  increases as the shape parameter β decreases from 1 to 0. 
 
Figure 4.1 shows the plots of the failure rate function for Weibull extension model at 
several different parameter combinations. From Figure 4.1, it can be observed that the 
failure rate function has an increasing function when 1≥β , and h(t) is a bathtub 
shaped function when 0 1β< < . 

























Figure 4.1: Plots of the failure rate function with λ = 2, α = 100 and β changing 
from 0.4 to 1.2 
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4.2.2 Mean and variance  
The expected time to failure of the Weibull extension distribution, or the mean time to 





( ) exp{ [1 ]}t
tdF t










.     (4.7) 
The above calculation includes an integral that does not have a closed form. Hence 
numerical integration is usually needed, which is also the case for the two-parameter 
Weibull distribution. 
The variance of the Weibull extension distribution may be obtained from: 
2 2
0
2 ( / ) 2
0 0
( ) ( )
2 ( ) 2 exp{ [1 ]}t
Var T t dF t







= − = − −
∫
∫ ∫
.  (4.8) 
Again, this has to be computed numerically. Table 4.1 gives the mean times to failure 
of the life distribution with the parameter combinations plotted in Figure 4.1. Values of 
the variance of the corresponding models are also presented in Table 4.1. Although the 
mean and variance also depend on the other two parameters, the parameter β is a 
critical one regarding to the shape of failure rate, and hence only some numerical 
results for different β values are shown in Table 4.1. 
 
Table 4.1: Mean and Variance for some different values of β (λ=2 and α=100) 
  
β MTTF Variance 
0.4 1.2438 1.5319 
0.6 0.8292 0.6808 
0.8 0.6219 0.3830 
1.0 0.4975 0.2451 
1.2 0.4146 0.1702 
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4.3 Relationship of Weibull Distribution and Other Distributions 
This model is related to the model by Chen (2000) with the additional scale parameter, 
and we can also find out that our model has the Weibull distribution as a special and 
asymptotic case.  
 
4.3.1 Relation to the model in Chen (2000) 
It is noted that when the scale parameter is known, the Weibull extension model is 
related to Chen’s model (Chen, 2000), which has the failure rate function given in 
Equation (2.40): 
( )1( ) exph t t tβ βλβ −= . 
Let T follow a Weibull extension distribution with parameters α, β, and λ. The 
random variable /S T α=  follows a Chen’s distribution with parameters (λα , β ) and 
the reliability function is: 
( ){ }( ) exp [1 expR s sβλα= − .       (4.9) 
Chen’s model is interesting from a theoretical point of view; the exact 
confidence intervals and the exact joint confidence regions for the corresponding 
parameters are discussed in the paper of Chen (2000). Hence, given 0α  known, the 
exact confidence interval for β and joint confidence regions for λ and β could be 
derived.  
There is no scale parameter in Chen’s model and by introducing one in Weibull 
extension model, we will lose some of these statistical properties. However, a scale 
parameter is important for practical application of a model. It is noted that the change 
point, as indicated in Equation (4.6), depends mainly on the scale parameter 
Chapter 4                                                                               Weibull Extension Model 
 74
introduced. Without that, the change point will be fixed for any given value of 
parameter β. It has to be highlighted that the parameter β plays an important role in 
this model as it is a shape parameter as can be seen in Figure 4.1. 
 
4.3.2 Relation to the exponential power distribution 
Besides, in the case of 1=λα , this model is related to the exponential power model 
proposed by Smith and Bain (1975). The hazard rate function of exponential power 
distribution is given in Equation (2.38). Let T follow a Weibull extension distribution 
with parameters α, β, and 1λ α= . Therefore, the random variable T follows an 
exponential power distribution with parameters (1 α , β ) and the reliability function 
of: 
( ){ }( ) exp 1 expR t t βα = −   .                (4.10) 
A good property of the exponential power distribution is that the graphical estimation 
method using hazard rate plot can be applied for the parameter estimations. 
 
4.3.3 Relationship to the Weibull distribution 
The new model is related to Weibull distribution in an interesting way. Weibull 
distribution can be seen as an asymptotic case of the new distribution. When the scale 
parameter α becomes very large or approaches infinity, we have that  
( ) ( ) ( ) ( )/1 1 1 / /te t o t tβ β βα βα α − = − + + ≈ −  .             (4.11) 
Therefore, the reliability function can be approximated by 
{ } { }( / ) 1( ) exp 1 exptR t e tβα β βλα λα − = − ≈ −  ,             (4.12) 
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which is a standard two-parameter Weibull distribution with a shape parameter of β, 
and a scale parameter of 1 /βα λ− . That is, in the limiting case when α approaches 
infinity while 1 /βα λ−  remains constant, the new distribution becomes a standard two-
parameter Weibull distribution. In this limiting case, the Weibull extension model is 
capable of handling both increasing and decreasing failure rates, which are in fact, 
special cases of bathtub curve. 
A further special case is, when 1=β , α  is large enough, we have 
{ } { }( / )( ) exp 1 exptR t e tαλα λ= − ≈ −                  (4.13) 
Hence, the model reduces to the exponential distribution with parameter1/ λ . It is 
well-known that the exponential distribution has a constant failure rate, which is again, 
a very special case of bathtub curve. 
 
4.3.4 Relationship to the extreme value distribution 
Finally, the extension model is related to the extreme value distribution. Let T follow a 
Weibull extension distribution with parameters α, β, and η. Here, for illustration 
purpose, we re-parameterize parameters α, β, and λ in Equation (4.1) as α, β, and 
η=λα. Therefore, for the transformed variable S T β= , there exists the following 
relationship with an extreme value distribution of a scale parameter of βα  and a 
location parameter of ηα β ln− .  
( : , , ) ( : , ln )extreme valueR T e R S
η β βα β η α α η−= − ,                       (4.14) 
and 
( : , , ) ( : , ln )extreme valuef T e f S
η β βα β η α α η−= − .                       (4.15) 
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4.4 Parametric Estimation of the Weibull Extension Model 
Parameter estimation is usually a difficult problem even for a two parameter Weibull 
distribution. Methods like the maximum likelihood estimation will not yield a closed 
form solution. Different methods can be used to estimate the model parameters. 
Among these methods, the graphical method, i.e. Weibull Probability Plot method, and 
the Maximum Likelihood Estimation method are the most commonly used methods for 
model estimation. 
 
4.4.1 Graphical method 
Case 1: When αλ is known 
A special case is when αλ =η0 is known, as pointed out in Section 4.3.2., the Weibull 
extension model has a simple graphical estimation. Based on Equation (4.10), a 
transformation similar to Weibull Probability Plotting transformation can be used as, 
( )
0
1ln ln 1 ln ( )y R tη
  = −      and tx ln= .              (4.16) 
Median rank or mean rank can be used as the estimation of the reliability 
function at the ranked time to failure. Hence, if the lifetime data follows the Weibull 
extension with αλ = η0, the plot of y versus x can be fitted with a straight line. 
Furthermore, the graphical estimation of β is the slope of the regression line in the plot. 
The estimation of α is obtained from the y-interception, and 0ˆ ˆ/λ η α= . In other words, 
the line is given by the following equation: 
ln ln lny t xβ β α β β α= − = − ,               (4.17) 
for +∞<<∞− x .    
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Case 2: General case 
As our model has three parameters, traditional Weibull plot will not yield a straight 
line. However, using the asymptote on Weibull transformation, a graphical procedure 
can be developed.  
For the general case, consider the first part of the data on a Weibull plot when t 
is small. We can obtain the approximate estimation of the parameters. We have: 
βα αβ )/(1 )/( te t −≈−  as 0→t .  
With the following Weibull transformation: 
( )[ ]ln lny R t= −  and tx ln= ,               (4.18) 
and plotting y versus x, we obtain a line, which satisfies the following equation: 
( )1lny x ββ λα −= +                  (4.19) 
Hence, the parameter β is easily estimated from the slope of the regression line. The y-
axis interception equals to ( )1ln βλα − . 
 
In general, the Weibull transformation is 
[ ] { } { }
( ) { }
( / ) ( / )
( / )












   − = − − = −   
= + −
            (4.20) 
For the second term, when t is large, we have that 
( ){ } ( ){ } ( ){ }
( ) ( )








   − = − − − −   
 ≈ − − + 
           (4.21) 
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Since the first term approaches zero, when t is large, the asymptotic curve is βα )/(t  in 
this case. Hence, by taking another log, a straight line for large t can be fitted and 
graphical estimates are obtained. 
Figure 4.2 displays the Weibull transformation of y versus x assuming the 
underlying distribution is the Weibull extension model with parameters 100=α , 
6.0=β , and 2=λ . From Figure 4.2, we observe that the first part of the curve, when 
the failure time is comparatively small, the fitted line is a straight line. This part of 
lifetime data can give the estimate of the shape parameter immediately.  
It is also noted that the tail part of the curve may not be able to observe when 
the common phenomenon of censoring is present. 
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4.4.2 Maximum likelihood estimation 
Standard statistical techniques such as method of maximum likelihood can always be 
used for parametric estimation. The likelihood equations, given the complete or 
censored failure data set, can be derived and solved. Take the Type II censored case, 
for example, let kttt ≤≤≤ ...21  be the times to failure of the k failed components from 
a sample consisting of n components. The underlying likelihood function is: 
( )













t t n k t
β
β β β
λ α β λ β α




 =   




                    (4.22) 
The log-likelihood function is given by: 
( ) ( )
( ) ( ) ( )
1
1 1
ln , , ln ln 1 ln








tL k k n
t t n k t
β
β β
λ α β λ β λα β α
λα α λα αα
=
= =
= + + + −
 + − − −  
∑
∑ ∑
.                   (4.23) 
By taking the derivation of Equation (4.23) with respect to parameter λ, we obtain:  
( ) ( ) ( )
1




L k n t n k tβ βα α α α αλ λ =
∂ = + − − −∂ ∑ .            (4.24) 
Equating Equation (4.24) to zero and re-arranging the terms, the MLE of λ can be 
shown to be of the form:  
( ) ( ) ( )
1





t n k t nβ β
λ




.             (4.25) 
Chapter 4                                                                               Weibull Extension Model 
 80
Finally, by taking the partial derivatives of Equation (4.23) with respect to 
shape parameter β and scale parameter α, and equating them to zero, the estimates for 
α and β can be obtained from the solutions of the following equations:  
( )
( ) ( ) ( )
1 1 1
/
ln ln ln exp / ln
( ) / ln / 0k
k k k





t t t t tL k t





λα αβ β α α α α α
λα α α
= = =




                     (4.26) 
and 
( ) ( ) ( ){ }














k tL n e t






β βλ λ β αα α α α
λ β α
= =
−∂    = − + − − −   ∂  
 − − − = 
∑ ∑
.
       (4.27) 
These equations cannot be solved analytically, just like the case of two-parameter 
Weibull distribution. However, statistical software can be used to solve the equations 
numerically. 
 
4.5 Numerical studies 
In this section, we consider the data modeling and parameter estimations of the new 
Weibull extension distribution when a set of data is available. One of the data sets 
applied is a sample set of 50 components given by Aarset (1987), which exhibit a 
bathtub shaped failure rate property. Another data set considered is the failure data of 
18 electronic devices from Wang (2000). This data set also has a bathtub shaped 
failure rate shown from the TTT plot, which is a useful method for identifying 
distribution with bathtub shaped failure rate (see, e.g. Aarset, 1985 and Xie, 1987). 
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4.5.1 Numerical example I 
We first study the data in Wang (2000). There are 18 devices under test and all the 
devices are completely failed. The graphical method as described in Section 4.4.1 can 
be used to estimate the model parameters. To simplify the procedure, consider a 
Weibull extension model when αλ = 1. The graphical estimation transformation is 
carried out as shown in Table 4.2. The reliability function is estimated using mean rank 
method. 
 
Table 4.2: Transformation analysis on the data from Wang (2000) 
 
Rank Time to Failure Ln t 1
)(ˆ += n
itF  ( ){ }ln ln 1 ln F t−    
1     5 1.609 0.038 -3.269 
2   11 2.398 0.092 -2.380 
3   21 3.045 0.147 -1.915 
4   31 3.434 0.201 -1.597 
5   46 3.829 0.255 -1.353 
6   75 4.317 0.310 -1.154 
7   98 4.585 0.364 -0.985 
8 122 4.804 0.418 -0.837 
9 145 4.977 0.473 -0.704 
10 165 5.106 0.527 -0.581 
11 195 5.273 0.582 -0.468 
12 224 5.412 0.636 -0.359 
13 245 5.501 0.690 -0.254 
14 293 5.680 0.745 -0.150 
15 321 5.771 0.799 -0.044 
16 330 5.799 0.853  0.069 
17 350 5.858 0.908  0.198 
18 420 6.040 0.962  0.373 
 
Plot the data points in Table 4.2 as shown in Figure 4.3 below. 

























Figure 4.3: Plot of the graphical estimation on the data from Wang (2000) 
 
 
There is no outliers detected and subsequently fit the data with a straight line, and the 
estimated regression line can be expressed as:  
2855.47398.0 −= xy . 
Furthermore, the estimates of the parameters are obtained as:  
ˆ 0.7398β = , ˆ 327.92α = , and ˆ 0.00305.λ =   
It is noted that βˆ  is less than 1, which further demonstrates that the lifetime data has a 
bathtub shaped hazard rate function property. 
The corresponding residual standard error is 0.1156, and the R-square value is 
as high as 0.986. This estimated model is hence significant. From the goodness of fit of 
the estimated model, it is concluded that our new Weibull extension model can 
monitor the lifetime data exactly well. The corresponding Akaike Information 
Criterion (AIC) value of the estimated model is 226.14, which is pretty comparable to 
the value obtained for fitting the data by an six-parameter additive Burr XII model 
Chapter 4                                                                               Weibull Extension Model 
 83
(AIC=219.22) in Wang (2000). The estimation of the changing point of the bathtub 
failure rate curve is * 79.86b = . 
 
4.5.2 Numerical example II  
Now we consider the widely examined data set which was described in Aarset (1987) 
as a second numerical example. Some comparison studies will also be included. It 
shows that the Weibull extension model provides a good fit even compared with those 
competing models. 
 
i). Graphical estimation in case of αλ = 1 
First we will still begin to model the data from a graphical point of view. To simplify 
the procedure, consider the model when αλ = 1.  Following the similar procedures as 
in Section 4.5.1 (see details in Table 4.3), an estimated model is 
5039.25326.0 −= xy . 
Table 4.3: Transformation analysis on the data from Aarset (1987) 
 
Rank Time to Failure Ln t 1
)(ˆ += n
itF ( ){ }ln ln 1 ln F t−    
1 0.1 -2.303 0.020 -3.932 
2 0.2 -1.609 0.039 -3.238 
3 1 0.000 0.059 -2.833 
4 1 0.000 0.078 -2.544 
5 1 0.000 0.098 -2.321 
6 1 0.000 0.118 -2.138 
7 1 0.000 0.137 -1.983 
8 2 0.693 0.157 -1.848 
9 3 1.099 0.176 -1.729 
10 6 1.792 0.196 -1.622 
11 7 1.946 0.216 -1.526 
12 11 2.398 0.235 -1.437 
13 12 2.485 0.255 -1.355 
14 18 2.890 0.275 -1.279 
15 18 2.890 0.294 -1.208 
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Table 4.3: Transformation analysis on the data from Aarset (1987) Continued 
 
Rank Time to Failure Ln t 1
)(ˆ += n
itF ( ){ }ln ln 1 ln F t−    
16 18 2.890 0.314 -1.141 
17 18 2.890 0.333 -1.078 
18 18 2.890 0.353 -1.018 
19 21 3.045 0.373 -0.961 
20 32 3.466 0.392 -0.906 
21 36 3.584 0.412 -0.854 
22 40 3.689 0.431 -0.804 
23 45 3.807 0.451 -0.756 
24 46 3.829 0.471 -0.709 
25 47 3.850 0.490 -0.663 
26 50 3.912 0.510 -0.619 
27 55 4.007 0.529 -0.577 
28 60 4.094 0.549 -0.535 
29 63 4.143 0.569 -0.494 
30 63 4.143 0.588 -0.454 
31 67 4.205 0.608 -0.414 
32 67 4.205 0.627 -0.376 
33 67 4.205 0.647 -0.337 
34 67 4.205 0.667 -0.299 
35 72 4.277 0.686 -0.262 
36 75 4.317 0.706 -0.224 
37 79 4.369 0.725 -0.187 
38 82 4.407 0.745 -0.149 
39 82 4.407 0.765 -0.111 
40 83 4.419 0.784 -0.073 
41 84 4.431 0.804 -0.034 
42 84 4.431 0.824 0.006 
43 84 4.431 0.843 0.047 
44 85 4.443 0.863 0.090 
45 85 4.443 0.882 0.135 
46 85 4.443 0.902 0.183 
47 85 4.443 0.922 0.236 
48 85 4.443 0.941 0.295 
49 86 4.454 0.961 0.368 
50 86 4.454 0.980 0.467 
 
 
Hence, the graphical estimations of the parameters are: 
ˆ 0.5326β = , ˆˆ 110.09, 0.0091α λ= = .  
Notice that here βˆ  is again much lower than one, which further demonstrates that the 
lifetime data distribution has a bathtub shaped hazard rate function. 
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Table 4.4 shows the results of regression analysis for the parameter estimation. 
The corresponding residual standard error is 0.2447, and the R-square value is 0.94. 
This model is significant.  
 
Table 4.4: Regression output on the graphical model when αλ = 1 
 
 Value Std. Error t value Pr(>|t|)  
(Intercept) -2.5039 0.0701 -35.7250    0.0000 
         X  0.5326  0.0198  26.9059 0.0000 
 
As it can be seen from the two numerical examples that, compared with other 
proposed models such as the exponentiated Weibull model by Mudholkar and 
Srivastava (1993) and the additive Weibull model by Xie and Lai (1996), the Weibull 
extension model with simplification of parameters αλ = 1 can provide a suitable 
estimation of the sample data.  Such graphical estimations are quite meaningful since it 
can be used as the initial estimations of the MLE of Weibull extension model. By 
comparing the maximum likelihood estimates of these models in the analysis below, 
we will show that Weibull extension model compares very favorably with them. 
 
ii). Maximum likelihood estimation 
The sample data in Aarset (1987) is a complete failed data. Using the graphical 
estimates as the initial guess, we can get the maximum likelihood estimation of the 
lifetime data. The program has converged to the estimated values of: 
αˆ =13.747, βˆ =0.588, λˆ =0.0088.  
The estimated Weibull extension model with the maximum likelihood estimated 
parameters is plotted in Figure 4.4. The changing point of the estimated bathtub failure 
rate curve is 7.5. 
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Figure 4.4: Plot of the failure rate function of the estimated Weibull extension 
model on Aarset Data (1987) 
 
 
The AIC values are calculated in Table 4.5 which also includes several other 
bathtub shaped failure rate models. As can see from Table 4.5, the AIC value of our 
new model is very competitive as compared with both the exponentiated Weibull 
family model and the additive Weibull model. Our new model hence provides a 
suitable fit to the lifetime data as well. Note that all estimates are maximum likelihood 
estimates and the AIC are as reported in Wang (2000). It should be pointed out again 
that the additive Burr XII distribution used in Wang (2000) has a better AIC of 444.63, 
but this model contains six parameters while the new Weibull extension contains only 
three.  
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Table 4.5: AIC of some different extended Weibull models 
 
Model Estimated Parameters AIC 
The Exponentiated  
Weibull Family (1993) 
ˆ 6.36α = , ˆ 0.107θ =  and  
ˆ 93.6σ =  464.4 
The Additive  
Weibull (1996) 
0912.0ˆ,069.30ˆ,0ˆ ==≈ cba , 
and 4496.0ˆ =d  532.9 
The Weibull  
Extension 
αˆ =13.747, βˆ = 0.588 and  
λˆ = 0.00882 469.3 
 
 
It is also found out that in this case the MLE differs from the graphical 
estimate, which is not surprising because the graphical estimates are actually assumed 
by αλ = 1 which is a special case of the Weibull extension model. The MLE is usually 
preferred and more refined estimate compared to graphical estimate. On the other 
hand, the graphical estimates can be used as initial estimates for numerical procedures.  
Furthermore, MLE and especially the asymptotic results are normally good when the 
sample size is large, and this is an interesting issue for future investigations. 
 
4.6 Model Application in Decision Making 
Bathtub-shaped failure rate functions are useful in reliability related decision making. 
Here we briefly discuss the problem of determining the burn-in and replacement time 
based on reliability or failure rate criteria to illustrate some possible applications. 
Burn-in is a commonly used technique to improve the reliability of the products. When 
introducing a new product, the failure rate can be extremely high during the infant 
mortality period, due to the weakness of the design, manufacturing imperfections, or 
installation defects and so on. On the other hand, when there is the wear-out period, 
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and when the product approaches the end of its design life, the failure rate starts to 
increase rapidly. Replacement is hence needed to prevent failures to occur. 
 
4.6.1 Determination of burn-in time 
The choice of the burn-in time bt  is certainly related to the criterion considered. Mi 
(1995) pointed out the selection of burn-in by maximizing mean residual life. Since 
our new model have a differentiable bathtub shaped failure rate function with a unique 
change point *0 b< < +∞ , then the mean residual life )(tµ , 
{ }( ) | ( ) ( )
t
t E x t X t R x dx R xµ +∞ = − > =   ∫               (4.28) 
has an upside-down bathtub shape with a unique changing point. The burn-in time bt  
is obtained by maximizing the mean residual life function, and  
bt  < ( )1/* 1/ 1b βα β= − .                (4.29) 
bt  can be solved numerically and in addition, 
*b  increases either as α increases or β 
decreases from one to zero. 
Another criterion in the reliability application can be the requirement on the 
failure rate itself. Suppose that the product is acceptable when the failure rate is lower 
than br  to satisfy the condition. The optimum burn-in is determined by the following 
equation: 
( ) ( )1/ exp /b b bt t rβ βλβ α α−   =  .                (4.30) 
There are two possible solutions for the above equation. However it is clear that bt  
should be the smaller one of the two solutions. 
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4.6.2 Determination of replacement time 
While the determination of replacement time is important for warranty and 
maintenance of a product, the model can also be easily used for this purpose. Suppose 
the criterion is that the failure rate function should not be higher than an acceptable 
level of cr . Let 
*w  be the time the system is to be replaced. With the failure rate 
criteria, *w can be obtained by solving the following equation: 
( ) ( )1* */ exp / cw w rβ βλβ α α−   =                 (4.31) 
Since the failure rate exhibits a bathtub shaped curve, there are also two 
possible solutions for this equation. After the replacement or maintenance, the failure 
rate will increase, thus, we will choose the solution with a higher value. 
 
4.7 Conclusions 
In this Chapter, an extended Weibull distribution capable of modeling bathtub shaped 
failure rate lifetime data is proposed and discussed in terms of its property and 
parametric estimations. This new model is much flexible than the model in Chen 
(2000). The new model only contains three parameters and it is related to exponential 
distribution and Weibull distribution in an asymptotic manner.  
Furthermore, the parameters can be estimated graphically or by using statistical 
methods. The graphical approach enables the user to validate a model before actually 
using it, and it also provides initial estimates for numerical methods which are needed 
to obtain statistical estimates. As can be seen from our numerical examples, the new 
model is easy to use while it can also achieve even higher accuracy compared with 
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some other BFR models. Hence, the Weibull extension model performs as a good 
alternative when models for bathtub-shaped failure rate function are needed. 
 




Further Analysis on the Weibull Extension Model 
 
5.1 Introduction 
A number of complex systems containing electrical and mechanical components exhibit 
bathtub-shaped failure rate (for example, see some applications in Kao, 1959; Lieberman, 
1969; Glaser, 1980; Lawless, 1982). However, few simple models are available for the 
modeling of failure data in this type of situation as the failure functions of the traditional 
Weibull, Gamma and Lognormal distributions, etc. are known not to be bathtub-shaped. 
Chapter 3 discussed the modified Weibull distribution (Lai et al., 2003) and Chapter 4 
introduced the Weibull extension distribution. Some other previously proposed bathtub 
models include the well-known three-parameter IDB distribution (Hjorth, 1980), which is 
a combination of a linear increasing failure rate distribution and a decreasing failure rate 
distribution. The exponentiated Weibull distribution (Mudholkar and Srivastava, 1993; 
Mudholkar et al., 1996) is also another interesting three-parameter distribution with an 
extra shape parameter introduced to the Weibull distribution. A competing risk model is 
the additive Weibull distribution (Xie and Lai, 1996) by considering the combination of 
two Weibull distributions.  
Among these distributions with bathtub-shaped failure rate function, model that 
generalizes the Weibull distribution is of great practical interest since the Weibull 
distribution, with its graphical approach and statistical inferences, has been widely 
adopted. In Chapter 4, the Weibull extension model including the scale parameter was 
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shown to be interesting and have relation with the traditional Weibull distribution as an 
asymptotic case.  
The aim of this Chapter is to conduct a further analysis on this Weibull extension 
model so that it could be applied into the survival analysis of wider applications. The 
statistical properties of the model discussed in this Chapter include the model 
characteristics, skewness and kurtosis, density function shapes and tail shapes, and 
extreme value distribution. Statistical inferences based on the maximum likelihood 
estimation will also be discussed. The likelihood ratio tests are examined to test the 
goodness of fit of the Weibull extension model against Chen’s model and the exponential 
power model. A numerical example is used to illustrate the application of the Weibull 
extension model.  
Hence, more research are carried out to look into the properties of the new model, 
investigate its characteristics and apply the model with real lifetime data. The 
organization of this Chapter is as follows. In Section 5.2, basic distribution characteristics 
are summarized. Section 5.3 deals with the density function and its tail shape 
classifications, and the extreme value distribution. The statistical inference and hypothesis 
tests are discussed in Section 5.4 using standard maximum likelihood theory. 
Approximate confidence intervals of both the parameters and the reliability function are 
obtained and the likelihood ratio tests are discussed. A numerical example is used as 
illustration in Section 5.5. 
 
5.2 Model Properties 
This section will begin with a discussion of model properties of the Weibull extension 
distribution, and it will follow by the study of skewness and kurtosis of the distribution. 
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5.2.1 The associated functions 
The reliability function of the Weibull extension model is given by 
{ }( / )( ) 1 ( ) exp 1 tR t F t e βαλα  = − = −  .                    (5.1) 
The probability density function is 
( ) ( )1 ( / )( ) / exp / (1 )tf t t t e ββ β αλβ α α λα−  = + −                       (5.2) 
and the cumulative hazard function is 
( )( ) exp / 1H t t βλα α = −  .                        (5.3) 
The quantile function can be shown to be 
[ ]{ }1/( ) ln 1 ln(1 ) /Q u u βα λα= − − , 0 < u <1.                    (5.4) 
The kth central moment (re-parameterized with η = λα) is given by  
' /
0 1
( ) ( ) (ln )k k k k yk E T x f x dx e y e dy
η β ηµ ηα∞ ∞ −= = =∫ ∫ .                  (5.5) 
When 1≥β , the failure rate function is an increasing function; when 0 1β< < , the 
failure rate function has bathtub shape property. The change point of the bathtub curve 
and the corresponding minimal failure rate at the change point are: 
* 1/(1/ 1)b βα β= −            
and 
* 1 1/( ) (1/ 1) exp(1/ 1)h b βλβ β β−= − − .                    (5.6) 
Furthermore, the mean, variance, mean residual life function, and the change points can 
be analyzed numerically using statistical software.  
As shown by Mi (1995) and Gupta and Akman (1995), the mean residual life 
(MRL) function of the extension model is upside-down bathtub shaped when the failure 
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rate function is bathtub shaped. Moreover, the change point of MRL ( *t ) is unique and 
smaller than that of the failure rate function ( *b ). For instance, Table 5.1 summarizes the 
mean, variance, minimal failure rate point *b  and maximal mean residual point *t  with 
different shape parameters. 
Table 5.1: Mean, variance and change points of failure rate and mean residual 
life for Weibull extension models with different β (α=100, λ=0.02) 
 
β MTTF Variance Change point of
FR, *b
Change point 
of MRL, *t  
0.4 17.773 1029.684 275.568 233.815 
0.6 24.392 884.799 50.876 31.498 
0.8 30.615 840.024 17.678 5.319 
1.0 36.133 802.489 _ _ 
1.2 40.956 761.747 _ _ 
 
 
5.2.2 Skewness and Kurtosis 












µ µ µ− −
=
 = −  ∑ .                       (5.7) 
Hence, the Fisher skewness (defined as 31 3/ 2
2




3µγ µ= − ) can be obtained. As seen from Equations (5.5) and (5.7), considering our 
model with parameters α, η and β, the scale parameter α has no effects on the skewness 
and kurtosis of the distribution as it is purely a scale parameter. Hence, we focus our 
study on the other two parameters here.  
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It is well known that skewness is a measurement of the degree of asymmetry of 
the model, whereas kurtosis tells the degree of peak-ness of the distribution. Since the 
extended Weibull distribution can exhibit different shapes of hazard rate, there are also 
different possible values for skewness and kurtosis. Table 5.2 shows the skewness and 
kurtosis for different parameters. Figures 5.1 and 5.2 behind are the surface plots of the 
skewness and kurtosis of the Weibull extension model with different parameter setting 
respectively. 
 
Table 5.2: Skewness and kurtosis of the Weibull extension model with     
different β and η 
 
 β η Skewness Kurtosis
0.6 2 2.10 5.72
0.8 2 1.41 2.15
1.0 2 1.01 0.75
1.2 2 0.73 0.08
0.9 0.11 0 -0.71
1.84 1 0 -0.67
0.80 0.51 0.74 0




























Figure 5.1: Surface plot of the skewness of the Weibull extension model by 























Figure 5.2: Surface plot of the kurtosis of the Weibull extension model by 
changing β and η 
 
 
Chapter 5                                                 Further Analysis on Weibull Extension Model 
 
 97
5.3 Density Function and Extreme Values 
The Weibull extension has the probability density function given as Equation (5.2) on a 
support of [0, ∞). Hence, there could be three types of shape of the density function. The 
shapes of density function are examined as follows. 
 
5.3.1 Shape of the density function  
To examine the derivative of the density function, we have 
 ( )( ) 2( ) e 1 1M t Tdf t T T edt ββ βλβ β β λαα −  = − + −  .                   (5.8) 
where  
 ( ) ( )( / )( ) / 1 tM t t e ββ αα λα= + − , /T t α= .                    (5.9) 
The sign is determined by the sign of  
( )( ) 1 1 TK t T e βββ β λα= − + − .                 (5.10) 
Furthermore,  
2
1( ) 1 T TdK t T e T e
dt
β ββ ββ λα λαα
−  = − −  .              (5.11) 
Let  
ββ αβ /)( 12 −= tts  and 
( ) 1 T TG t e T e
β ββλα λα= − − .  
We have that s(t)>0 for any t>0. G(t) is strictly decreasing on [0, ∞). Furthermore, 
G(0)=1-λα, and G(t)<0 when t is large enough. 
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For the case of λα ≥1, G(0) ≤ 0 ⇒ G(t) ≤ 0 ⇒ ( )dK t
dt
 ≤ 0 ⇒ K(t) is a monotonic 
decreasing function and K(0)=β -1. For the case of λα <1, G(0) > 0 ⇒   K(t) is a 
unimodal function and K(0)=β -1.  We can summarize the results in the following 
theorem. 
 
Theorem 1. The shapes of the density function can be classified as follows. 
Case 1: λα ≥1 (or η≥1) 
i).   If 1β > , K(0) >0, ⇒ f(t) is unimodal; 
ii).   If 0 < β ≤ 1, K(0) ≤ 0, ⇒ K(t) ≤ 0 ⇒ [ ( )] / 0d f t dt ≤  ⇒ f(t) is a decreasing function. 
Case 2: λα<1 (or η<1) 
i).   If 1β > , K(0) >0 and K(t) is negative when t is large ⇒ f(t) is unimodal; 
ii).   If β =1, K(0) = 0, K(t) is unimodal ⇒ f(t) is decreasing; 
iii).  If 0 < β < 1, K(0) < 0, K(t) is negative when t is large  ⇒ f(t) is either a decreasing 
function or a function that first decreases, then increases and finally decreases again.  
For case 2, when 0 < β < 1, if there ∃ T>0, which satisfies the condition that 
1 (1 ) 0TT eβ β λα− + − > , then the density function is a curve that initially decreases, then 
increases and finally decreases. Otherwise, the density function is a decreasing function. 
 
Figure 5.3 shows some typical shapes of density function under different 
combinations of parameters. Plot (A) and plot (B) are examples under Case 1 when λα ≥1. 
Plot (C) and (D) are examples under Case 2 when λα <1. 
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Figure 5.3: Plots of the density function of the Weibull extension with α=100 and 
(A): λ=0.02, β=0.8; (B): λ=0.02, β=2; (C): λ=0.002, β=2; (D): λ=0.002, β=0.8 
 
 
5.3.2 Tail of the density function 
From the density function in Equation (5.2), the shape properties of the tails of the density 
function can be classified as the follows. 
i).   β >1, f(t) is unimodal shaped and f(t) → 0 when t → 0. 
ii).   β =1, f(t) → λ when t → 0, hence the density function is high tail at the left hand. 
iii).   0< β <1, f(t) → ∞ when t → 0, the distribution has an unbounded high left tail. 
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5.3.3 Failure rate function 
The failure rate function is what makes the Weibull extension model interesting from a 
practical point of view (Xie et al., 2002).  
Case 1: 1≥β . In this case, h(t) is an increasing function and ( )h t → +∞  as +∞→t . 
Case 2: 1<β . In this case, the failure rate is decreasing initially and then increases with 
the change point at  
* 1/(1/ 1)b βα β= − .        
 
5.3.4 Extreme value distribution 
Let X1, X2, … , Xn be a random sample from the Weibull extension model, and X(1) ≤ X(2) 
≤  … ≤ X(n) are the corresponding order statistics. U(1) ≤  U(2) ≤  … ≤ U(n) are the order 
statistics of random sample following uniform distribution on [0,1]. 
From the quantile function (5.4), the order statistics X(i) has the form of 
[ ]{ } βηα /1)(1)( )1ln(1ln ii UX −−= − ,                 (5.12) 
where 1 ≤ i ≤ n. It is known that as n → ∞, nU(1) converge in law to the standard 
exponential random distribution Z.  
 
 




( ) ( ) Ln X nU Z
β
β βη
α = → .              (5.13) 
Proof: As from Equation (5.12),  
( ){ }1/1(1) (1)ln 1 ln 1X U βα η −= − −   .              (5.14) 
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Expanding ln(1 )u− −  at u = 0, we get that 
2ln(1 ) ( )u u O u− − = + ,               (5.15) 
which implies that 
1 2
(1) (1) (1)ln 1 ln(1 ) / ( )U nU O Uη η−− − = +   .                 (5.16) 
Hence 
( ) ( )1/ 1/1/ (1) (1) / /nn X nU Zβ ββ α η α η→∞≈ → .             (5.17) 
which completes the proof.                    
 
5.4 Statistical Inference Based on Weibull Extension Model  
5.4.1 Inference based on maximum likelihood estimation 
Suppose that experiments are carried out with the testing of n components and failure 
data, possibly censored, have been collected. Using the similar notation as in Lawless 
(1982), denote 1 2, , ..., nT T T  as the lifetimes of the components, and 1 2, , ..., nL L L  as their 
censoring times. Let },min{ iii LTt = . The underlying likelihood function is 
( )1
1




i D ii D
tL t t
β
ββλ α β λ β α λα αα
−
∈ =∈
  = + −     ∑ ∑∏  
(5.18) 
Let 1iδ = , if i it T= , and 0iδ = , if i it L= . Denote by D = { }: 1,1jj j nδ = ≤ ≤  as the set 
of components with observed lifetimes and k be the total number of failures detected. The 
MLE of the three parameters can be obtained by taking the derivatives of log likelihood 
function as 







































    (5.20) 

















βλα .         (5.21) 
These equations can be simplified by introducing βα )/( ii tz = , i=1,2…n. After some 








ke n λα= − − =∑ ,                   (5.22) 
1
( 1) ln ln 0i
n
z
i i i i
i D i
k z z z e zλα
∈ =







k z z eλα
∈ =
+ − =∑ ∑ .                    (5.24) 
 
The Equations (5.22) to (5.24) can be solved numerically. Under normal regularities, the 
equations exist and have unique solutions. 
 
5.4.2 Large sample procedures  
The logarithm of the likelihood function (5.18) can be used to construct Fisher 
information matrix I(θ) with the elements  
2 ln( )ij
i j
LI Eθ θ θ
 −∂=   ∂ ∂ 
, here i, j = {1, 2, 3}             (5.25) 
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where θ = (α, β, λ)’. By the usual large-sample normal approximation and under mild 
conditions, the joint distribution of ˆˆ,α β  and λˆ  is asymptotically normal with mean θ and 
covariance matrix I-1(θ). For convenience, we can simply use the following observed 



























I ,        (5.26) 










































































































.            (5.27)  
The asymptotic confidence intervals for α, β, and λ are found by taking (αˆ , βˆ , 
λˆ ) to be approximately normal distributed with mean (α, β, λ) and covariance matrix I0-1.  
We could also use the likelihood ratio method for hypothesis tests. That is, under 
the null hypothesis of H0: θ =θ0, the distribution of the statistic  





 Λ = −   
                (5.28) 
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is asymptotically 2(3)χ . This could be used to estimate the confidence regions for θ  as 
well.  
Finally, after obtaining the estimates of the parameters, we can obtain the MLE of 
the reliability function. In order to construct the asymptotic confidence interval of the 
survival function, we need to find the variance of R(t), which is approximated by: 
( ) ( ) ( )
( )( )
( )( )
















.      (5.29) 
Furthermore, the derivatives of R(t) are: 
( )
/ ( ) 1
/ ( ) ln




R R t e ze
R R t z ze




∂ ∂ = − +  
∂ ∂ = −
∂ ∂ = −  
,                         (5.30) 
where ( / )z t βα= . 
 
5.4.3 Likelihood ratio tests 
By performing the hypothesis test that α =1, we can see if the extension model provides a 
better prediction of the failure of the component compared with two-parameter model of 
Chen (2000). This is especially of interest when the data exhibit bathtub-shaped failure 
rate. Similarly, by conducting hypothesis test on the parameter η in the re-parameterized 
model, it could be concluded whether it is necessary to apply the new model to estimate 
the failure data instead of using the exponential power model (Smith and Bain, 1975). 
Note that the graphical estimation can be used in case that the exponential power model 
can explain the data well enough. The likelihood ratio test will be discussed here for this 
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purpose. Besides, the conventional goodness of fit tests of Weibull extension model will 
be fully discussed in Chapter 6. 
 
Case 1: Tests on the scale parameter α 
The null hypothesis is H0: α =α0, and the test statistic  
[ ])ˆ,ˆ,ˆ(/)~,~,(ln2 01 λβαλβα LL−=Λ                (5.31)  
is asymptotically distributed as 2(1)χ . Here L is the likelihood function of the extended 
distribution, αˆ , βˆ , λˆ  is the maximum likelihood estimation, and β , λ  is the MLE 
under condition of null hypothesis H0. 
 
Specifically, the Chen’s model (2000) provides exact confidence interval estimation of 
shape parameter. As a result, test of H0: α =1 can be considered to test on lifetime 
following Chen’s model (2000) in alternative of the new extended model with an 
additional scale parameter. The test statistic is: 
2 2 ln (1, , )L β λΛ = −    ˆˆ/ ( ,L α β ˆ, )λ  .              (5.32) 
Under H0, Λ2 is asymptotically chi-square distributed with degree of freedom p = 1. 
 
Case 2: Test of exponential power distribution versus Weibull extension distribution 
On the other hand, when λα (=η) = 1, the extended distribution is equivalent to the 
exponential power distribution (Smith and Bain, 1975). Therefore, the hypothesis test on 
λα = 1 could be useful as well. To conduct such hypothesis test, re-parameterize the 
model by η=λα, hence, 
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( ) ( ) ( )( ) ( )
( ) ( )
1 1
1
( ) / exp / / / exp /
/ / exp /let
h t t t t t
t t
β β β β
β βη λα
λβ α α λα β α α α
ηβ α α α
− −
−=
   = =   
 → =  
,       (5.33) 
Subsequently, the maximum likelihood estimation of the three transformed parameters 
can be numerically obtained after taking the derivatives of the re-parameterized log 
likelihood function (5.18) with respect to each parameter and solving the equations. The 
MLE of scale and shape parameter remain the same as obtained from Equation (5.18), 
and MLE of parameter ˆ ˆη λα= . 
For the hypothesis test H0: η =λα =1, the likelihood ratio method is used once 
again with the following statistic: 
3
ˆˆ2 ln ( , ,1/ ) / ( , ,L Lα β α α βΛ = −    ]ˆ)η .             (5.34) 
Under H0, Λ3 asymptotically follows chi-square distribution with degree of freedom p 
equal to one. αˆ , βˆ , ηˆ  is the MLE of Weibull extension distribution, and α , β  is the 
MLE under H0. 
 
5.5 An Application Study 
In this section, the data set by Aarset (1987) is used to illustrate the statistical procedures. 
The maximum likelihood estimations of the parameters are obtained in Chapter 4 as: 
 αˆ =13.747, βˆ =0.588, λˆ =0.00876, 





− −  −  − 
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−  −  − − 
 
With the matrix obtained, we can obtain the asymptotic 95% confidence interval of the 
parameters as summarized in Table 5.3. 
 
Table 5.3: The 95% confidence intervals for β and λ based on MLE 
 
Parameters MLE Confidence Interval  
β 0.588 [0.547              0.628] 
λ 0.00876 [0.00875      0.00877] 
 
The TTT plot (Aarset, 1987) suggests that the data follows distribution with 
bathtub shaped failure rate. We have concluded an estimated model with shape parameter 
βˆ =0.588, which displays a bathtub failure rate curve. Moreover, the estimated change 
point of the failure rate is at *b = 7.52. The approximate estimation of reliability with 95% 
confidence interval at corresponding time to failure is obtained as in Table 5.4. 
 
Table 5.4: Estimation of reliability function and 95% confidence intervals  
 
Time  Reliability Lower limit Upper limit 
1 0.97163 0.97132 0.97194 
5 0.91513 0.91356 0.91669 
10 0.85592 0.85264 0.85920 
20 0.74199 0.73571 0.74827 
30 0.62793 0.62003 0.63583 
50 0.40706 0.40010 0.41401 
70 0.22192 0.21754 0.22629 
100 0.05710 0.05545 0.05875 
150 0.00095 0.00094 0.00096 
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Furthermore, we can conduct the goodness-of-fit test of H0: α =1 to see if there is 
beneficial to consider the introduction of scale parameter into our model. Under null 
hypothesis α =1, the maximum likelihood estimations of other parameters are:  
β  =0.3444, λ  =0.0205, 
with lnL(1, β , λ )= -233.168. Hence, the ratio test statistic is: 
[ ] 043.3)ˆ,ˆ,ˆ(/)~,~,1(ln22 =−=Λ λβαλβ LL , 
and the corresponding p-value is 0.081. Under 90% level of confidence, we can reject the 
null hypothesis and conclude that our model with a scale parameter provides a better fit to 
the data set.  
 
To conduct goodness of fit test of H0: η =1, we need to compute the MLE under 
null hypothesis η =1. The estimations obtained are: 
 α  = 73.9148, β  = 0.8281,  
with lnL(α , β , η =1)= -234.93. The statistics in Equation (5.34) is 3 6.568Λ = , and the 
corresponding p-value is 0.010. Hence, we can have enough evidence to reject our null 
hypothesis and conclude that the sub-model of exponential power model (when η =1) 
cannot give a significantly good enough fit to our data. 
 
5.6 Conclusion 
The Weibull extension model studied in this paper is flexible in modeling various types of 
failure data with possibly bathtub shaped failure rate function. Based on MLE and 
likelihood ratio tests, the parameter interval estimations and reliability function 
estimations were obtained, and the hypothesis tests were carried out. From the example 
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we studied, we have found out that with the necessity of introducing the scale parameter, 
the extended model is more flexible and more applicable to the failure data set we 
considered. It further ensures us that the extension model is a good alternative to estimate 
failure data with bathtub shape hazard rate. 
This Weibull extension model provides yet another interesting alternative for the 
modeling of bathtub shaped failure rate function, which is common in reliability and 
survival analysis. Especially for the case of fixed scale parameter, the new model will 
lead to the model studied by Chen (2000) which has interesting statistical property. It is 
also interesting to see how the statistical property of Chen’s model can be used in the 
study of Weibull extension model in the future. Weibull extension model is worth 
considering in the modeling of bathtub-shaped failure rate distributions. It is hoped that 
the Weibull extension model can be used in wider applications.  
. 
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Chapter 6              
Hypothesis Tests of Goodness-of-fit for Weibull Extension 
Model 
 
Generalizations of the Weibull distribution have shown to be useful when the failure 
rate function is not monotonic. The Weibull extension model has been proposed in 
Chapter 4 and fully examined in Chapter 5 as an alternative model for BFR in this 
case. In this Chapter, the properties of MLE and graphical method estimators have 
been compared for both complete data and type II censoring data. Three EDF tests, 
namely, Anderson-Darling, Cramer-von Mises and Kolmogorov-Smirnov tests are 
investigated. The critical values for the tests when the parameters are estimated using 
the maximum likelihood estimation method are obtained via Monte-Carlo simulation 
method. Furthermore, the power of test when the alternative is exponential, Weibull, 
Rayleigh, normal or lognormal has also been investigated. 
 
6.1 Introduction 
For BFR models, the general Goodness-of-Fit (GoF) tests based on EDF statistics can 
be used to statistically examine the accuracy of model estimation to the data, i.e., the 
hypothesis test of:  
 
H0: X follows the Weibull extension distribution of F0(X:θ ) Ù H1: F(X) ≠ F0(X:θ ).  
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For the Weibull extension model, the cumulative distribution function can be 
expressed with the form of: 
{ }( / )0 ( : ) 1 exp 1 xF x e βαθ η  = − −  .      (6.1) 
It is therefore convenient to apply Kolmogorov-Smirnov (K-S) statistic, Cramer-von 
Mises (C-M) statistic and Anderson-Darling (A-D) statistic, which are all distribution 
free statistics, to perform the above hypothesis test. 
Stephens (1974) studies the EDF statistics and gives the table of percentage 
points for the above statistics. However, the table given assumes that the distribution 
functions are completely known, there are situations when it is required to estimate the 
parameters of the underlying Weibull extension model using the raw data. In such 
cases, if the statistics obtained are derived from the estimation of the unknown 
parameters, the percentage points or quantiles for the above three statistics from the 
table in Stephens (1974) are no longer suitable or accurate. Stephens (1976) discusses 
the asymptotic results of these statistics in case of unknown parameters. Many authors 
also investigate the statistics and derive the corresponding percentage points 
theoretically or using simulations methods for certain distributions, like the Weibull 
distribution, the Type I extreme-value distribution and so on. For example, Stephens 
(1977) and Littel et al. (1979) present the asymptotic results of the test statistics for the 
extreme value distribution. Shimokawa and Liao (1999) also study and compare the 
GoF tests for the extreme value distribution and two-parameter Weibull distribution 
with unknown parameters estimated from different graphical ranks and MLE. The 
power of test for the GoF tests and differences among using different estimation 
methods are also discussed. Recently the GoF tests for the generalized Pareto 
distribution are also looked into in the paper of Choulakian and Stephens (2001) which 
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try to explore the same properties of the test statistics when the parameters are 
unknown.  
Besides, estimation methods such as maximum likelihood estimation (MLE), 
least square estimation (LSE), method of moments and graphical method are most 
frequently used for the newly proposed bathtub models (Xie et al., 2002; Lai et al., 
2001, 2003). For the current study, on one hand, it is hoped to look into the graphical 
estimation and MLE for the Weibull extension model and compare their accuracy 
when treating censoring data. On the other hand, it is also important to investigate the 
asymptotic properties of the test statistics for K-S, C-M and A-D tests for the Weibull 
extension model, which proved to be a bathtub-shaped failure rate.  It is interesting to 
compare their power of tests and convergence with different sample size. Such 
research studies are relevant since more and more attention and efforts are focused on 
the study and applications of BFR models in the recent decades. Without the 
asymptotic theory of the test statistics of goodness-of-fit, it is difficult to convince the 
necessity of applying the BFR model instead of using the traditional Weibull and other 
models. It can also help to measure the fitness of the Weibull extension model to the 
lifetime data. 
Hence the organization of this Chapter is as follows. Section 6.2 begins by 
pointing out the MLE and the graphical estimation methods for Weibull extension 
model and the three EDF tests to be studied. It follows with three special cases of 
models with parameters either known or unknown. Section 6.3 determines the 
simulation methodology to be used for the entire study in this Chapter. Since it is 
important to distinguish between the estimation methods, Section 6.4 will focus on the 
comparison study of the MLE and graphical estimators and recommend the choice of 
estimators for both complete failed data and censoring data. Section 6.5 provides the 
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critical values of the tests for three cases at different sample sizes by Monte Carlo 
simulations. It begins with the methodology and determination of suitable simulation 
sizes necessary for the quantiles. After formulating the tables of quantile, it also 
investigates the relationship between the quantiles and the sample size. In Section 6.6, 
a power study has been carried out to compare the three tests with data generated from 
the Weibull group distribution and the normal family distribution. Section 6.7 
concludes this Chapter. 
 
6.2 Parameter Estimation and EDF GoF tests 
Generally the Maximum Likelihood estimation and Graphical estimation are the two 
most frequently used estimators for the BFR models. In this section, both two 
estimation method are briefly summarized for the Weibull extension model. The three 
EDF GoF tests are also given at the end. 
6.2.1 Estimation methods 
Let t1 ≤ t2 ≤ … ≤ tn be the ordered complete failure times of n products, which exhibit 
bathtub-shaped failure rate property. Hence, Weibull extension model can be used to 
estimate the lifetime of the product. The likelihood function and log likelihood 
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It is already discussed in Chapter 4 that graphical method can alternatively be 
applied under certain conditions to obtain the estimations visually. Suppose the 
multiplying parameter η is known, we only need to estimate the shape and scale 
parameters of the Weibull extension model, and then the following graphical approach 
can be used. 








 − ttR      (6.4) 












0η  , )(ln ii tx =     (6.5) 
Hence, the slope of the fitted line is the estimate for β, and the intercept is αβ ln− . If 
β ≥1, the model has an increasing failure rate function (IFR). Otherwise, it is BFR 
shaped. 
After applying the Weibull extension model to estimate the failure data, the 
question of the goodness-of-fit arises for the estimated model selected. Although the 
Chi-square test is generally used to investigate the goodness-of-fit, it often lacks 
accuracy when analyzing the bathtub shaped failure data. This is mainly because: First, 
it requires quite a large amount of data so that the test is valid; Second, one may 
especially encounter the uncertainties of grouping the data into intervals. As a result, 
Chi-square test is not as “powerful” and convenient as the three EDF test statistics to 
be mentioned and defined as below.  
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6.2.2 Three EDF tests 
The Kolmogorov Smirnov test statistics (Chakravarti et al., 1967; Lawless, 1982) are 
defined as the maximum distance between the empirical distribution function and the 
cumulative distribution, i.e.: 
))((max 01 inin xFn
iD −=
≤≤










= nnnin DDD ,       (6.6) 
where 0 ( )F x  is given as in Equation (6.1),   is the order of the failure, and n is the 
sample size. 
If the distance is significant large, the result suggests that the assumed 
distribution is not fitting the failure data well and the null hypothesis would be 
rejected. The K-S test proves to be more efficient for the small sample date sets than 
Chi-square test. 
A second EDF test statistic is the Anderson-Darling test statistic (Anderson and 
Darling, 1952), which is modified from the K-S test by introducing higher weights on 














2 )]1ln([ln12 ,     (6.7) 
where );(0 θii tFz =  is the cumulative distribution function evaluated at it . 










.      (6.8) 
The percentage point for the statistic is obtained in Durbin (1973) and Stephens 
(1974).  
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All the three test statistics are applied quite often in the GoF tests because of 
their properties of distribution free. However, the Kolmogorov-Smirnov test is a more 
centre weighted test, whilst the Anderson-Darling test is a modified test from K-S test 
with more emphases on the deviations of the tails. The three test statistics are also not 
limited to apply for complete data, and can be extended to complex data types which 
are grouped or arbitrary censored. Usually the powers of the tests are also different at 
different sample sizes and when different estimation methods are used. This will be 
examined in the later section for the Weibull extension model. 
 
6.3 Simulation Methodology  
The analysis begins by locating the maximum likelihood estimation of the unknown 
parameters in the model. Then, calculate the transformed cumulative distribution 
probability by calculating )ˆ;( θii tFz = . Last, calculate the corresponding K-S, A-D 
and C-M test statistics in order to study the asymptotic percentage points for these 
statistics.  
It is pointed out in Chapter 4 that both Chen’s model (2000) and Exponential 
power model (Smith and Bain, 1975) are sub-models of the Weibull extension model. 
Therefore, it is interesting to conduct a comprehensive study for three cases when three 
parameters of the model are completely unknown and estimated by MLE. The three 
cases are described as follows. 
 
Case 1: when the scale parameter is known, as known in Xie et al. (2002), the Weibull 
extension model is simplified to the Chen’s model (2000). Assume α = α0 in the 
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Weibull extension model, the solutions to the likelihood functions can be solved 
numerically. 
Case 2: when the multiplying parameter η = 1, as mentioned in Xie et al. (2002), the 
model is reduced to Exponential power model (Smith and Bain, 1975). A good 
property of this model is that both graphical method of probability plot and statistical 
method of MLE can be used to estimate the parameters. Graphical method can be used 
if η is known. 
Case 3: when all the three parameters are unknown. The MLE for the parameters may 
or may not exist and be unique. But under most situations, for example the simulations 
used and generated in this study, the MLE is able to be obtained with the aid of 
statistical software programs. 
 
The random sample data following Weibull extension distribution can be generated 
from the quantile function of Weibull extension model in Equation (5.4): 
[ ]{ }1/( ) ln 1 ln(1 ) /Q u u βα λα= − − , 0 < u <1.  
Hence, generate random uniform distributed value u, and then T = Q(u) is following 
Weibull extension model with parameters (α, β, λ). 
 
6.4 Comparison Study on MLE and Graphical Method 
Section 6.2 indicates that both the MLE and graphical estimation methods can be used 
to fit the failure data. It is therefore interesting to investigate the accuracy of the 
estimation methods under various parameters and at different sample sizes. Besides, 
the effects of type of censoring to the accuracy of the estimators are undoubtedly 
another interesting issue to be pointed out and included in our study here.  
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6.4.1 Complete failed data 
To distinguish between two estimation methods, 1000 sample data sets are generated 
and the parameters are estimated using both MLE and the graphical methods. The 
sample size of failure data is chosen as 5, 10, 20, 30, 50 and 100. The generated data 
are all complete failure data sets. The shape parameter β is chosen from 0.3 (in step of 
0.2) to 0.9, 1, 1.2, 1.5 and 2. Since the shape parameter is the only critical parameter to 
determine the shape of the failure rate function, without loss of generality, the scale 
parameter is assumed to be fixed at a value of 0.5 and the multiplying parameter is 
assumed to be fixed at a value of 1. The results are summarized in Table 6.1. 
 
  
Table 6.1: Comparison of estimators of Weibull extension model for complete data with η =1, at different sample sizes 
 
  Average Value Median Value Average Standard Error MSE 
 MLE GM MLE GM MLE GM MLE GM 
β n αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  
0.3 5 0.487 0.451 1.431 0.371 0.367 0.386 0.494 0.318 0.324 0.177 1.589 0.155 0.183 0.094 134.6 0.055 
0.5 5 0.453 0.758 0.655 0.619 0.417 0.640 0.488 0.533 0.194 0.303 0.388 0.252 0.063 0.281 0.679 0.155 
0.7 5 0.461 1.016 0.567 0.846 0.438 0.867 0.509 0.727 0.154 0.382 0.230 0.341 0.038 0.444 0.134 0.278 
0.9 5 0.456 1.313 0.534 1.074 0.454 1.134 0.501 0.930 0.119 0.481 0.169 0.423 0.024 0.669 0.063 0.407 
1 5 0.455 1.537 0.514 1.271 0.460 1.280 0.495 1.062 0.107 0.622 0.140 0.541 0.020 1.033 0.038 0.644 
1.2 5 0.459 1.763 0.512 1.465 0.462 1.526 0.501 1.271 0.091 0.666 0.121 0.592 0.014 1.274 0.032 0.848 
1.5 5 0.473 2.261 0.512 1.879 0.474 1.933 0.502 1.588 0.075 0.877 0.096 0.776 0.009 2.261 0.016 1.411 
2 5 0.476 3.062 0.505 2.493 0.480 2.534 0.497 2.086 0.057 1.260 0.073 1.057 0.006 5.254 0.009 2.611 
        
0.3 10 0.510 0.356 0.867 0.326 0.437 0.333 0.514 0.309 0.256 0.088 0.675 0.093 0.115 0.016 3.123 0.016 
0.5 10 0.483 0.595 0.627 0.539 0.472 0.560 0.517 0.501 0.145 0.140 0.285 0.152 0.033 0.043 0.403 0.041 
0.7 10 0.481 0.823 0.549 0.757 0.475 0.771 0.514 0.696 0.111 0.201 0.166 0.222 0.020 0.089 0.062 0.093 
0.9 10 0.479 1.093 0.536 0.985 0.479 1.015 0.511 0.901 0.084 0.289 0.125 0.308 0.011 0.195 0.033 0.175 
1 10 0.482 1.225 0.527 1.124 0.478 1.145 0.509 1.043 0.078 0.317 0.112 0.345 0.010 0.230 0.026 0.224 
1.2 10 0.478 1.417 0.518 1.273 0.482 1.326 0.507 1.202 0.065 0.333 0.089 0.365 0.007 0.244 0.015 0.233 
1.5 10 0.481 1.809 0.508 1.649 0.483 1.719 0.501 1.537 0.052 0.437 0.072 0.473 0.005 0.440 0.010 0.397 
2 10 0.488 2.376 0.509 2.142 0.490 2.212 0.504 1.993 0.041 0.567 0.052 0.607 0.003 0.738 0.005 0.648 
        
0.3 20 0.511 0.323 0.686 0.307 0.472 0.314 0.515 0.297 0.184 0.052 0.374 0.064 0.058 0.005 0.403 0.007 
0.5 20 0.485 0.543 0.584 0.510 0.478 0.526 0.513 0.496 0.106 0.087 0.202 0.107 0.018 0.015 0.175 0.019 
0.7 20 0.491 0.762 0.544 0.716 0.484 0.741 0.510 0.697 0.079 0.123 0.124 0.149 0.010 0.029 0.038 0.037 
0.9 20 0.486 0.978 0.521 0.929 0.483 0.948 0.501 0.907 0.062 0.156 0.095 0.191 0.006 0.049 0.018 0.059 
1 20 0.490 1.088 0.524 1.032 0.490 1.053 0.507 1.017 0.056 0.172 0.085 0.213 0.005 0.056 0.015 0.074 
1.2 20 0.492 1.317 0.521 1.241 0.494 1.280 0.509 1.199 0.046 0.215 0.069 0.264 0.004 0.089 0.010 0.118 
1.5 20 0.492 1.645 0.510 1.553 0.494 1.597 0.505 1.501 0.036 0.255 0.052 0.309 0.002 0.129 0.005 0.157 
2 20 0.495 2.164 0.507 2.060 0.495 2.112 0.504 2.019 0.028 0.329 0.038 0.405 0.001 0.207 0.003 0.274 
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Table 6.1: Comparison of estimators of Weibull extension model for complete data with η =1, at different sample sizes 
(Continued) 
 
  Average Value Median Value Average Standard Error MSE 
 MLE GM MLE GM MLE GM MLE GM 
β n αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  
0.3 30 0.513 0.319 0.670 0.307 0.492 0.313 0.533 0.302 0.146 0.043 0.319 0.056 0.035 0.003 0.473 0.005 
0.5 30 0.494 0.533 0.581 0.508 0.487 0.521 0.517 0.498 0.091 0.070 0.178 0.090 0.013 0.009 0.244 0.013 
0.7 30 0.493 0.741 0.527 0.716 0.490 0.728 0.509 0.697 0.065 0.093 0.097 0.125 0.007 0.016 0.018 0.025 
0.9 30 0.498 0.950 0.526 0.915 0.498 0.934 0.508 0.893 0.050 0.117 0.079 0.158 0.004 0.025 0.014 0.040 
1 30 0.493 1.054 0.516 1.014 0.494 1.033 0.504 0.987 0.043 0.136 0.065 0.176 0.003 0.034 0.008 0.052 
1.2 30 0.497 1.278 0.515 1.229 0.498 1.253 0.508 1.198 0.037 0.171 0.056 0.212 0.002 0.054 0.006 0.076 
1.5 30 0.495 1.581 0.509 1.523 0.496 1.559 0.503 1.507 0.030 0.203 0.044 0.263 0.001 0.075 0.004 0.111 
2 30 0.494 2.108 0.506 2.033 0.494 2.069 0.502 2.009 0.023 0.267 0.031 0.357 0.001 0.127 0.002 0.215 
        
0.3 50 0.503 0.310 0.588 0.302 0.486 0.306 0.510 0.298 0.115 0.031 0.213 0.043 0.021 0.002 0.121 0.003 
0.5 50 0.492 0.517 0.531 0.506 0.486 0.512 0.501 0.500 0.069 0.051 0.114 0.071 0.008 0.004 0.028 0.008 
0.7 50 0.498 0.721 0.526 0.699 0.499 0.717 0.513 0.691 0.049 0.069 0.075 0.094 0.004 0.008 0.012 0.014 
0.9 50 0.495 0.934 0.513 0.910 0.494 0.927 0.504 0.899 0.038 0.093 0.060 0.123 0.002 0.015 0.007 0.025 
1 50 0.495 1.030 0.513 1.003 0.495 1.020 0.501 0.994 0.034 0.098 0.055 0.140 0.002 0.017 0.006 0.032 
1.2 50 0.497 1.238 0.512 1.204 0.498 1.229 0.504 1.195 0.029 0.119 0.046 0.164 0.001 0.023 0.004 0.042 
1.5 50 0.497 1.541 0.507 1.499 0.496 1.526 0.501 1.489 0.023 0.148 0.035 0.199 0.001 0.036 0.002 0.064 
2 50 0.497 2.060 0.505 2.003 0.497 2.026 0.502 1.965 0.016 0.213 0.026 0.286 0.000 0.074 0.001 0.128 
        
0.3 100 0.501 0.304 0.544 0.300 0.489 0.302 0.503 0.298 0.083 0.021 0.140 0.030 0.012 0.001 0.039 0.001 
0.5 100 0.498 0.507 0.519 0.498 0.495 0.502 0.508 0.496 0.049 0.035 0.077 0.048 0.004 0.002 0.011 0.004 
0.7 100 0.497 0.717 0.511 0.707 0.496 0.713 0.502 0.706 0.034 0.051 0.055 0.073 0.002 0.004 0.006 0.008 
0.9 100 0.498 0.911 0.511 0.894 0.497 0.908 0.506 0.891 0.027 0.061 0.043 0.087 0.001 0.006 0.003 0.012 
1 100 0.499 1.018 0.511 0.996 0.499 1.012 0.506 0.986 0.025 0.068 0.037 0.098 0.001 0.008 0.002 0.016 
1.2 100 0.497 1.220 0.504 1.203 0.498 1.212 0.502 1.195 0.021 0.081 0.031 0.118 0.001 0.011 0.002 0.022 
1.5 100 0.498 1.526 0.505 1.500 0.497 1.516 0.501 1.491 0.016 0.103 0.026 0.148 0.000 0.018 0.001 0.035 
2 100 0.498 2.031 0.503 1.999 0.498 2.020 0.501 1.994 0.013 0.142 0.019 0.199 0.000 0.033 0.001 0.064 
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The accuracies of the estimators can be studied from Table 6.1, and those 
numbers in bold formats are found to be a better estimator either because it is closer to 
the true value or because it has a smaller deviation from the true value. Four indicators 
defined  are presented in the Table 6.1.  
On one hand, the average value and the median value are the corresponding 
mean and median from the parameter estimations of these 1000 sample data sets 
simulated. It infers the central tendency of the estimator to the true value of the 
parameters. On the other hand, the average standard error is the mean of the absolute 
deviations between the estimation value and the true value. MSE, i.e., mean squared 
error, is defined as the mean of the squared deviations between the estimation value 
and the true value. Both average standard error and MSE provide insight of how robust 
and biased the estimator is. 
The details of results are summarized as below: 
1). The first part of the table displays the central tendency, i.e., the average and 
median, to understand the bias of the estimations for the shape and scale parameters. It 
is found out that: 
First, in consideration of the average and bias, the MLE is generally better than 
Graphical Method (GM) to estimate the scale parameter α. Only when sample size is 
small and the data come from non-bathtub shape (at β greater than or equal to 1), GM 
estimate is closer to the true value of α. The MLE for α is quite robust even when 
sample size is small. The difference between MLE and GM is small when sample size 
is moderate or larger. 
Second, it is also noticed that GM apparently gives a more accurate estimation 
for the shape parameter β than the MLE when sample size is small. However, when the 
sample sizes are large enough (n ≥ 30), the MLE is also quite accurate to the true value 
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and the difference among two estimators are negligible. The deviation for the model 
with higher value of β is most likely to be higher for both MLE and GM. 
Third, from the sign of the bias, it is also noticed that the MLE tends to 
underestimate the scale parameter. Whilst MLE for the shape parameter and GM for 
both parameters tend to overestimate the parameters. 
 
2). Although the graphical method produces closer estimations to the true values for 
the shape parameter, it is definitely necessary to compare the estimation errors of the 
two methods. It is found out from the later part of Table 6.1 that: 
First, based on both the Standard Error and Mean Squared Error, the MLE for 
the scale parameter is much better than that of the GM Estimate. This is very obvious 
when the sample size is small, MLE outperforms the GM. It is also interesting that 
when the generated model is bathtub shaped (β <1), the error of the estimators are 
larger than that when the model is IFR (β ≥1). 
Second, for the estimation of shape parameter β, The difference between MLE 
and GM is small even when the sample size is small. GM gives smaller errors if the 
sample size is small (n = 5 or 10). MLE is recommended as a better estimator with 
smaller estimation errors. It is further noticed that, unlike scale parameter, the error of 
the model generated from bathtub shaped (β <1) is smaller than that from IFR (β ≥1). 
 
In summary, it is recommended to use a combination of both MLE and 
graphical method to estimate the parameters. When the sample size is small (n = 5 or 
10), usually graphical method gives more accurate estimate for the shape parameter 
with smaller estimation error and hence it is recommended. But it is necessary to 
consider the MLE in order to have a reasonable estimate for the scale parameter. When 
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the sample size is sufficient large (n > 10), MLE is a better estimator compared with 
GM, although the GM for the shape parameter sometimes is also highly accurate. The 
choice of estimators is apparently important when dealing with either bathtub failure 
data or IFR data. 
 
6.4.2 Censoring Data 
To generate the Type II censoring data and study the estimators, we will illustrate by 
simulating random data sets with sample size of 50 and parameters selections of 
α=0.5, η=0.5 without loss of generality. The generated failure data will be  
subsequently treated as Type II censored data at the rth failure, which r is chosen from  
5, 10, 20, 30 and 40 in order to study the effects of heavy, moderate and light 
censoring. The shape parameter will range from 0.5 to 1.5. For the application of 
graphical method to heavy censoring data sets, the Equations (6.4) and (6.5) can still 




Table 6.2: Comparison of estimators of Weibull extension model for censoring data with η =0.5 and n=50 
 
  Average Value Median Value Average Standard Error MSE 
 MLE GM MLE GM MLE GM MLE GM 
β r αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  αˆ  βˆ  
0.5 5 0.815 0.819 10E4 0.664 0.172 0.660 0.391 0.538 1.021 0.364 2.0E5 0.308 13.38 0.417 9.9E12 0.261 
0.7 5 0.628 1.196 203.2 0.959 0.265 0.948 0.455 0.748 0.616 0.574 391.4 0.482 3.925 1.289 1.10E7 0.792 
1 5 0.414 1.683 2.570 1.361 0.293 1.383 0.448 1.093 0.254 0.732 3.603 0.650 0.177 2.754 255.37 1.862 
1.5 5 0.450 2.445 1.007 1.957 0.367 1.992 0.493 1.549 0.205 1.111 0.885 0.957 0.129 6.421 7.536 4.006 
     
0.5 10 0.513 0.614 16.60 0.554 0.361 0.566 0.481 0.505 0.328 0.169 30.50 0.174 0.302 0.064 2.1E5 0.058 
0.7 10 0.450 0.901 2.123 0.806 0.385 0.821 0.497 0.734 0.196 0.258 2.739 0.279 0.074 0.278 248.86 0.236 
1 10 0.460 1.255 0.729 1.141 0.420 1.149 0.490 1.037 0.146 0.349 0.452 0.373 0.039 0.805 1.008 0.695 
1.5 10 0.468 1.858 0.627 1.658 0.447 1.725 0.509 1.513 0.102 0.514 0.259 0.549 0.019 2.330 0.282 1.891 
     
0.5 20 0.479 0.552 0.736 0.519 0.458 0.530 0.511 0.495 0.139 0.104 0.442 0.119 0.032 0.021 4.622 0.024 
0.7 20 0.480 0.789 0.633 0.746 0.474 0.753 0.498 0.714 0.099 0.154 0.279 0.185 0.016 0.122 0.348 0.117 
1 20 0.482 1.113 0.553 1.050 0.475 1.078 0.503 1.009 0.072 0.200 0.146 0.239 0.009 0.444 0.049 0.401 
1.5 20 0.486 1.664 0.534 1.554 0.483 1.602 0.506 1.508 0.049 0.321 0.096 0.370 0.004 1.526 0.023 1.339 
     
0.5 25 0.488 0.536 0.612 0.513 0.478 0.523 0.510 0.491 0.109 0.089 0.250 0.107 0.019 0.014 0.475 0.019 
0.7 25 0.489 0.767 0.573 0.734 0.485 0.746 0.505 0.707 0.078 0.129 0.177 0.164 0.010 0.098 0.091 0.098 
1 25 0.487 1.090 0.532 1.037 0.484 1.066 0.506 1.002 0.057 0.175 0.105 0.213 0.005 0.399 0.023 0.365 
1.5 25 0.491 1.616 0.522 1.536 0.492 1.556 0.507 1.493 0.038 0.266 0.070 0.331 0.002 1.363 0.011 1.252 
     
0.5 30 0.489 0.529 0.565 0.509 0.481 0.516 0.505 0.493 0.092 0.077 0.174 0.098 0.014 0.010 0.118 0.016 
0.7 30 0.493 0.755 0.546 0.726 0.489 0.740 0.513 0.705 0.067 0.113 0.126 0.148 0.007 0.086 0.037 0.087 
1 30 0.492 1.068 0.521 1.028 0.490 1.044 0.508 0.999 0.048 0.156 0.081 0.194 0.004 0.362 0.013 0.341 
1.5 30 0.495 1.582 0.515 1.522 0.495 1.550 0.506 1.482 0.032 0.226 0.054 0.300 0.002 1.256 0.006 1.192 
     
0.5 40 0.496 0.519 0.526 0.503 0.493 0.509 0.506 0.492 0.079 0.062 0.109 0.083 0.010 0.007 0.024 0.011 
0.7 40 0.501 0.737 0.522 0.716 0.496 0.723 0.510 0.703 0.056 0.090 0.078 0.125 0.005 0.069 0.011 0.071 
1 40 0.498 1.043 0.510 1.016 0.498 1.022 0.504 0.998 0.040 0.131 0.054 0.166 0.002 0.322 0.005 0.311 
1.5 40 0.498 1.557 0.507 1.505 0.497 1.525 0.505 1.474 0.026 0.188 0.036 0.254 0.001 1.174 0.002 1.115 
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Numbers with bold format suggest a closer estimation to the true value or the one with 
smaller estimation error. From Table 6.2, we have the following findings: 
 
1). The degree of censoring can have considerably important effects on the accuracy of 
the estimators. The GM is more sensitive to the type of censoring as compared to MLE 
estimates.  
First, as observed from the average value, median and its bias, the MLE of 
scale parameter is quite satisfactory even with heavy censoring (when r=10). In 
contrast, the GM estimate is not accurate in most times for heavy censoring data. 
Second, the difference between MLE and GM estimates for the shape 
parameter is quite small. GM is slightly better than the MLE. If the data is BFR and 
heavy censoring (when r = 5 or 10), and β is close to 1 (β <1), the MLE of the shape 
parameter is not recommended since it tends to obtain an estimated model with β ≥1, 
which is IFR. GM is more sensitive to predict the shape of the failure rate function. 
Third, similar to the results of complete failed data, GM for both parameters 
and MLE for shape parameter generally overestimate the parameters except the MLE 
for the scale parameter. 
 
2). From the error indicators, i.e., MSE and Standard Error, it is found out that:  
First, generally the errors of MLE for both parameters are smaller than those of 
GM. If the data is heavy censoring (r = 5), the GM for shape parameter is slightly 
better than MLE. However, the GM for the scale parameter is very unstable. 
Second, the two estimators is nearly equivalent for moderate or light censoring 
data (when r ≥ 25). 
Third, it is obvious that the accuracy is consistently better when the situation of 
censoring is less serious. Besides, similar to the results of complete failed data, MLE 
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gives more accurate estimations for the scale parameter when the model is IFR; and it 
is more accurate for the shape parameter when the underlying model is BFR. Both 
MLE and GM should be used together for dealing with the censoring data, although 
generally MLE is recommended. 
 
Finally it is important to notice that the graphical estimation has the advantage 
of easy calculation and valuable visual information to users than the MLE. Another 
disadvantage of MLE is that the initial value of parameters is critical to the validity of 
the estimators, and there may exist situations (for example, arbitrary type of censoring 
data) when the solution to the likelihood function is really hard to be obtained or it 
does not have a unique maximal value. Nevertheless, in the following contents, MLE 
will be used to estimate the parameters of the Weibull extension model. 
 
6.5 Quantiles of the EDF GoF Test Statistics  
6.5.1 Monte Carlo simulations to obtain the quantiles  
Simulation programs are generated for M =105 data sets with different sample sizes. 
Maximum likelihood estimations are subsequently computed for each generated 
sample data set. The corresponding three statistics of A-D, C-M and K-S tests are 
subsequently obtained. Eight quantiles (2.5%, 5%, 50%, 85%, 90%, 95%, 97.5% and 
99%) are calculated and summarized for each test statistic. The percentage points are 
defined by following procedures: 
 
Step 1: Sort the M A-D, C-M and K-S test statistics from the smallest to the 
largest; 
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Step 2: Calculate the k% percentile, find the corresponding index of i, such 
that: 
(i - 0.5)/ M = k%, i.e., i = M ⋅ k% + 0.5.      (6.9) 
Hence the critical value is obtained by the weighted value of the corresponding ordered 
elements. For example, the 95% percentile should be the average of the 9500th and 
9501st ordered values of the test statistics. 
 
6.5.2 Determination of the number of replications 
Before the starting of the simulation, the convergence of the percentage points with 
different replication sizes of M must be studied. Generally a comfortable replication 
size of 1000 is good enough to obtain an accurate results and conclusion. In order to 
verify the situation applied to estimations and GoF tests considered in this Chapter, 
simulation programs have been run for a replication size from 103 (in steps of 103) to 
104, 2*104, 3*104, 5*104, 7*104 and 105. Apply the three EDF tests of the Weibull 
extension distribution, and the fluctuations of the quantiles are displayed in Figures 
6.1, 6.2 and 6.3. 
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Figure 6.1: Critical values of A-D statistic for Weibull extension model          
and M, n=50 






















Figure 6.2: Critical values of C-M statistic for Weibull extension model    
and M, n=50 
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Figure 6.3: Critical values of K-S statistic for Weibull extension model          
and M, n=50 
 
From the Figure 6.1 to Figure 6.3, it is confirmed that: 
The critical values at significance levels of 1% and 2.5% of the A-D and C-M 
statistics of the Weibull extension model exist certain degree of fluctuations when the 
replication size is below 104, but converge quickly when the replications are greater 
than or equal to 104. On the other hand, the other critical values have small fluctuations 
with regards to the replication sizes. 
Similar studies on both the Chen’s model and the exponential power model are 
conducted with the plots of critical values versus the sample sizes, it is found out that, 
for both the Chen’s model and exponential power model: 
The critical values at 1% significance level of both the A-D and C-M test 
statistics have some variations when the replication sizes are smaller than 104. 
Quantiles for the other A-D and C-M statistics have little fluctuations with regard to 
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the replication sizes. All the quantiles for the K-S statistic converges quickly at a small 
number of replications. 
Above all, a moderate large enough value of M = 105 will be used for the 
further analysis. The critical values for the test statistics obtained by the method of 
simulation would be sufficient for the subsequent GoF tests. 
 
6.5.3 Tables of quantiles of EDF Tests 
Using the random generated BFR failure data sets described above, the MLE are 
obtained and EDF statistics are computed. Percentage points for the test statistics are 
summarized in Tables 6.3 to 6.5, when the sample size is n=10, 20, 50, 70 and 100 
respectively. The random data are generated from the Weibull extension model with 
parameters of α =1, β =0.5 and η =1; the Chen’s model when β =0.5 and λ =1; and the 
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Table 6.3: Quantiles of the 2nA , 
2
nW  and nD  statistics for Chen’s model 
 
Quantiles 0.025 0.05 0.50 0.85 0.90 0.95 0.975 0.99
2
nA : n =10 0.1644 0.1840 0.3521 0.5645 0.6331 0.7453 0.8583 1.0093
n =20 0.1568 0.1756 0.3515 0.5716 0.6418 0.7583 0.8800 1.0385
n =50 0.1535 0.1726 0.3506 0.5768 0.6485 0.7678 0.8917 1.0606
n =70 0.1516 0.1706 0.3496 0.5772 0.6533 0.7775 0.8989 1.0772
n =100 0.1515 0.1712 0.3499 0.5763 0.6526 0.7761 0.9046 1.0717
         
2
nW : n =10 0.0213 0.0243 0.0526 0.0900 0.1018 0.1217 0.1422 0.1686
n =20 0.0202 0.0232 0.0520 0.0903 0.1024 0.1239 0.1450 0.1732
n =50 0.0198 0.0227 0.0515 0.0907 0.1032 0.1244 0.1464 0.1749
n =70 0.0196 0.0225 0.0513 0.0907 0.1038 0.1258 0.1486 0.1779
n =100 0.0196 0.0224 0.0512 0.0907 0.1035 0.1253 0.1483 0.1784
         
nD : n =10 0.1162 0.1241 0.1798 0.2287 0.2408 0.2597 0.2776 0.2988
n =20 0.0838 0.0895 0.1300 0.1657 0.1748 0.1899 0.2032 0.2182
n =50 0.0542 0.0579 0.0838 0.1069 0.1130 0.1225 0.1311 0.1419
n =70 0.0461 0.0492 0.0713 0.0911 0.0963 0.1041 0.1116 0.1210
n =100 0.0387 0.0414 0.0600 0.0763 0.0808 0.0877 0.0938 0.1017
  
 
Table 6.4: Quantiles of the 2nA , 
2
nW  and nD   statistics for exponential power 
model 
 
Quantiles 0.025 0.05 0.50 0.85 0.90 0.95 0.975 0.99
2
nA : n =10 0.1663 0.1861 0.3619 0.5874 0.6609 0.7832 0.9104 1.0832
n =20 0.1588 0.1788 0.3614 0.5960 0.6700 0.7965 0.9335 1.1104
n =50 0.1562 0.1758 0.3611 0.6017 0.6779 0.8085 0.9414 1.1223
n =70 0.1538 0.1739 0.3602 0.6021 0.6836 0.8175 0.9541 1.1375
n =100 0.1542 0.1747 0.3611 0.6030 0.6809 0.8166 0.9570 1.1392
         
2
nW : n =10 0.0220 0.0251 0.0555 0.0964 0.1093 0.1319 0.1541 0.1852
n =20 0.0210 0.0242 0.0550 0.0969 0.1105 0.1338 0.1579 0.1906
n =50 0.0206 0.0237 0.0545 0.0976 0.1114 0.1349 0.1594 0.1924
n =70 0.0202 0.0233 0.0544 0.0975 0.1122 0.1364 0.1618 0.1955
n =100 0.0203 0.0233 0.0543 0.0975 0.1119 0.1360 0.1619 0.1945
         
nD : n =10 0.1186 0.1263 0.1847 0.2365 0.2497 0.2698 0.2895 0.3138
n =20 0.0854 0.0911 0.1336 0.1714 0.1812 0.1969 0.2111 0.2282
n =50 0.0551 0.0590 0.0861 0.1104 0.1170 0.1271 0.1364 0.1480
n =70 0.0470 0.0501 0.0731 0.0940 0.0996 0.1081 0.1163 0.1261
n =100 0.0394 0.0421 0.0616 0.0788 0.0836 0.0911 0.0977 0.1055
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Table 6.5: Quantiles of the 2nA , 
2
nW  and nD  statistics for Weibull extension  
Quantiles 0.025 0.05 0.50 0.85 0.90 0.95 0.975 0.99
2
nA : n =5 0.1808 0.1911 0.3340 0.5192 0.5779 0.6830 0.7817 0.9011
n =10 0.1505 0.1664 0.3130 0.4994 0.5575 0.6607 0.7632 0.9020
n =15 0.1436 0.1594 0.3043 0.4890 0.5467 0.6469 0.7513 0.8883
n =20 0.1397 0.1556 0.2992 0.4809 0.5386 0.6374 0.7374 0.8813
n =25 0.1378 0.1544 0.2957 0.4751 0.5340 0.6309 0.7242 0.8592
n =30 0.1366 0.1528 0.2941 0.4698 0.5276 0.6244 0.7239 0.8523
n =35 0.1351 0.1515 0.2921 0.4678 0.5238 0.6225 0.7204 0.8570
n =40 0.1340 0.1496 0.2904 0.4643 0.5208 0.6159 0.7111 0.8398
n =45 0.1338 0.1502 0.2897 0.4641 0.5198 0.6174 0.7152 0.8418
n =50 0.1330 0.1495 0.2888 0.4622 0.5182 0.6133 0.7088 0.8383
n =60 0.1332 0.1492 0.2881 0.4627 0.5175 0.6145 0.7099 0.8413
n =70 0.1326 0.1481 0.2867 0.4587 0.5151 0.6119 0.7096 0.8369
n =80 0.1305 0.1470 0.2850 0.4565 0.5125 0.6086 0.7005 0.8295
n =90 0.1321 0.1476 0.2864 0.4555 0.5109 0.6054 0.7010 0.8305
n =100 0.1313 0.1468 0.2865 0.4550 0.5111 0.6033 0.7030 0.8284
2
nW : n =5 0.0225 0.0244 0.0489 0.0803 0.0902 0.1067 0.1222 0.1401
n =10 0.0194 0.0219 0.0464 0.0785 0.0889 0.1063 0.1235 0.1460
n =15 0.0187 0.0211 0.0453 0.0776 0.0879 0.1053 0.1232 0.1459
n =20 0.0183 0.0209 0.0447 0.0763 0.0868 0.1041 0.1217 0.1452
n =25 0.0181 0.0205 0.0441 0.0758 0.0862 0.1034 0.1204 0.1435
n =30 0.0179 0.0204 0.0440 0.0751 0.0854 0.1027 0.1204 0.1432
n =35 0.0178 0.0202 0.0436 0.0748 0.0853 0.1024 0.1204 0.1441
n =40 0.0177 0.0202 0.0435 0.0744 0.0846 0.1020 0.1193 0.1423
n =45 0.0177 0.0201 0.0433 0.0744 0.0848 0.1022 0.1197 0.1423
n =50 0.0176 0.0200 0.0433 0.0742 0.0844 0.1017 0.1186 0.1428
n =60 0.0175 0.0200 0.0432 0.0742 0.0847 0.1018 0.1202 0.1437
n =70 0.0174 0.0199 0.0429 0.0737 0.0845 0.1021 0.1194 0.1434
n =80 0.0172 0.0197 0.0426 0.0735 0.0837 0.1012 0.1182 0.1407
n =90 0.0173 0.0198 0.0428 0.0737 0.0835 0.1010 0.1183 0.1428
n =100 0.0173 0.0197 0.0429 0.0737 0.0836 0.1007 0.1187 0.1427
nD : n =5 0.1501 0.1604 0.2376 0.2938 0.3097 0.3339 0.3544 0.3749
n =10 0.1113 0.1188 0.1707 0.2154 0.2273 0.2451 0.2596 0.2800
n =15 0.0917 0.0976 0.1407 0.1779 0.1880 0.2031 0.2166 0.2328
n =20 0.0802 0.0855 0.1224 0.1550 0.1638 0.1774 0.1893 0.2039
n =25 0.0720 0.0766 0.1099 0.1391 0.1470 0.1589 0.1698 0.1825
n =30 0.0660 0.0703 0.1008 0.1274 0.1346 0.1454 0.1555 0.1676
n =35 0.0612 0.0652 0.0934 0.1183 0.1250 0.1353 0.1445 0.1561
n =40 0.0575 0.0612 0.0875 0.1107 0.1169 0.1266 0.1353 0.1462
n =45 0.0544 0.0579 0.0827 0.1046 0.1106 0.1198 0.1280 0.1377
n =50 0.0516 0.0550 0.0785 0.0993 0.1049 0.1136 0.1215 0.1307
n =60 0.0474 0.0506 0.0720 0.0909 0.0959 0.1040 0.1113 0.1208
n =70 0.0440 0.0469 0.0667 0.0844 0.0892 0.0964 0.1032 0.1112
n =80 0.0411 0.0437 0.0624 0.0788 0.0834 0.0903 0.0965 0.1038
n =90 0.0389 0.0414 0.0590 0.0747 0.0788 0.0853 0.0914 0.0984
n =100 0.0371 0.0395 0.0562 0.0709 0.0749 0.0810 0.0868 0.0935
Chapter 6                                                        Hypothesis Test for Model Comparison 
 
 133
Therefore, Tables 6.3 to 6.5 can be used as the critical values for the goodness-
of-fit tests of Weibull extension model, from which one could also locate the 
corresponding p-value of the statistics. In particular, the critical values of sample size 
n=10 and 20 are useful for the data with small sample sizes. Critical values of n=50 are 
suitable for the data with moderate sample sizes. Results of n=70 and 100 can be 
approximately used for the data with large sample sizes.  
Besides, the above tables also suggest that the percentage points obtained here 
are very robust, as investigated by the Matlab simulation programs. To compare the 
critical values at different samples sizes, the right tailed values (85%, 90%, 95% and 
97.5%) can really converges much faster than the left-hand tail critical values (2.5%, 
5% and 50%). Besides, when sample size is small, the critical values are usually larger. 
At same level of significance, stronger evidence is needed in order to reject the null 
hypothesis test. 
  A detailed comparison study between the critical values is followed to 
investigate the accuracy and speed of convergence to the asymptotical critical values in 
terms of the sample size n. To study the asymptotic properties of the percentage points 
for the three cases, sample size varies from 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 60, 70, 
80, 90 to 100. The convergences of all the quantiles of the three test statistics for the 




































Figure 6.4: Critical values of A-D statistic for different sample sizes of the 


























Figure 6.5: Critical values of C-M statistic for different sample sizes of the 




























Figure 6.6: Critical values of K-S statistic for different sample sizes of the 
Weibull extension model 
 
 
From the three Figures above, it is clear that: 
First, the critical values of the A-D and C-M statistics given by MLE are very 
close and have little fluctuations even when sample size n is as small as 10. The critical 
values of sample size n=100 can be used for the test with large sample sizes.  
Second, however, the critical values of the K-S statistic given by MLE is 
monotonic decreasing and converge to the asymptotic values until the sample size is as 
moderately large as 80. Critical values for different sample size should be obtained by 
the one with closest sample sizes given in Table 6.5. For data with size greater than 
100, the critical values of n=100 can be approximately used for the tests as well. 
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6.6 Study of Power of the GoF Tests 
The power of test of a specific goodness-of-fit test can be defined as the probability 
that the test statistics can lead to the rejection of the null hypothesis when the data are 
coming from another different population instead of the Weibull extension distribution. 
 
6.6.1 Methodology 
In order to study the power of the GoF tests discussed in the previous section, more 
simulation programs are complied assuming that the generated data are coming from 
one of most frequently used distributions, such as the exponential distribution, Weibull 
distribution, exponential power distribution, Chen’s distribution, lognormal 
distribution and normal distribution. Since our main concern is to distinguish the 
power of the tests between different GoF tests, a smaller number of simulated data sets 
are sufficient to obtain the conclusion of the ranks among the tests. Hence, only 10000 
samples are used here to generate the data that follow the alternative assumed 
distributions.  
The next step is to find the MLE of Chen’s model, exponential power model 
and Weibull extension model for all the generated samples, and calculate the 
corresponding K-S, C-M and A-D test statistics. The significance levels γ is chosen 
from 1%, 2.5%, 5%, 10% to 15%. Sample size n is among 10, 20, 50 and 100. Then 
use the percentage points for sample size n=10, 20, 50, 100 in Table 6.3 to Table 6.5 to 
either reject or accept the null hypothesis of underlying distribution. 
The last step is to calculate the Type II error, i.e., the probability of accepting 
the null hypothesis of hypothesized BFR distribution. The power of test which is 
defined as unity minus Type II error will be computed for each model and the three 
GoF tests. The power of test results is summarized as in Tables 6.6 to 6.8.  
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Table 6.6: Power of tests of the 2nA , 
2
nW  and nD  statistics for Chen’s model,      
γ  = 0.05 
 
Size n 10 20 50 100 
Average Power 
 for All n  Order
Chen’s model vs. Exponential distribution (α=1 and β=1) 
2
nA  0.061 0.123 0.319 0.597 0.275 1st 
2
nW  0.070 0.119 0.270 0.508 0.242 2nd 
nD  0.058 0.087 0.192 0.368 0.176 3rd 
Chen’s model vs. Rayleigh (Weibull distribution α=1 and β =2) 
2
nA  0.065 0.122 0.325 0.607 0.280 1st 
2
nW  0.075 0.119 0.276 0.511 0.245 2nd 
nD  0.061 0.089 0.198 0.365 0.178 3rd 
Chen’s model vs. Weibull distribution (α=1 and β =0.5) 
2
nA  0.064 0.119 0.323 0.609 0.279 1st 
2
nW  0.073 0.110 0.276 0.512 0.243 2nd 
nD  0.062 0.082 0.195 0.367 0.176 3rd 
Chen’s model vs. Normal distribution (µ=10 and σ=1) 
2
nA  0.228 0.457 0.887 0.996 0.642 1st
2
nW  0.254 0.419 0.801 0.981 0.614 2nd
nD  0.215 0.319 0.674 0.946 0.538 3rd 
Chen’s model vs. Lognormal distribution  (µ=0 and σ=1) 
2
nA  0.207 0.548 0.965 1.000 0.680 1st 
2
nW  0.221 0.510 0.935 0.999 0.666 2nd 
nD  0.158 0.383 0.875 0.997 0.603 3rd 
Average Power for all tests 
2
nA  0.125 0.274 0.564 0.762 0.431 1st 
2
nW  0.138 0.255 0.512 0.702 0.402 2nd 
nD  0.111 0.192 0.427 0.609 0.334 3rd 
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Table 6.7: Power of test of the 2nA , 
2
nW  and nD  statistics for exponential power 
model, γ  = 0.05 
 
Size n 10 20 50 100 
Average Power 
 for All n  Order
Exponential Power model vs. Exponential distribution (α=1 and β=1) 
2
nA  0.050 0.089 0.222 0.447 0.202 1st 
2
nW  0.059 0.093 0.204 0.399 0.189 2nd 
nD  0.056 0.079 0.152 0.285 0.143 3rd 
Exponential Power model vs. Rayleigh (Weibull distribution α=1 and β =2)  
2
nA  0.055 0.096 0.223 0.447 0.205 1st 
2
nW  0.064 0.104 0.209 0.410 0.197 2
nd 
nD  0.061 0.087 0.155 0.291 0.148 3rd 
Exponential Power model vs. Weibull distribution (α=1 and β =0.5) 
2
nA  0.057 0.096 0.232 0.435 0.205 1
st 
2
nW  0.066 0.103 0.218 0.389 0.194 2
nd 
nD  0.064 0.085 0.155 0.276 0.145 3rd 
Exponential Power model vs. Normal distribution (µ=10 and σ=1) 
2
nA  0.238 0.609 0.978 1.000 0.706 2
nd 
2
nW  0.264 0.599 0.968 1.000 0.708 1
st 
nD  0.212 0.463 0.904 0.999 0.645 3rd 
Exponential Power model vs. Lognormal distribution (µ=0 and σ=1) 
2
nA  0.173 0.470 0.922 0.998 0.641 1
st 
2
nW  0.200 0.463 0.896 0.997 0.639 2
nd 
nD  0.163 0.347 0.779 0.980 0.567 3rd  
Average Power for all tests 
2
nA  0.115 0.272 0.515 0.665 0.392 1
st 
2
nW  0.130 0.272 0.499 0.639 0.385 2
nd 
nD  0.111 0.212 0.429 0.566 0.330 3rd 
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Table 6.8: Power of test of the 2nA , 
2
nW  and nD  statistics for Weibull extension 
model, γ  = 0.05 
 
Size n 10 20 50 100 
Average Power 
 for All n  Order
Weibull extension model vs. Exponential distribution (α=1 and β=1) 
2
nA  0.084 0.151 0.356 0.598 0.297 1st
2
nW  0.091 0.142 0.278 0.477 0.247 2nd
nD  0.087 0.115 0.215 0.356 0.193 3rd
Weibull extension model vs. Rayleigh (Weibull distribution α=1 and β =2)  
2
nA  0.073 0.116 0.293 0.528 0.252 1st
2
nW  0.083 0.111 0.230 0.417 0.210 2nd
nD  0.076 0.096 0.175 0.322 0.167 3rd
Weibull extension model vs. Weibull distribution (α=1 and β =0.5) 
2
nA  0.100 0.174 0.318 0.416 0.252 1st
2
nW  0.108 0.166 0.278 0.385 0.234 2nd
nD  0.100 0.129 0.223 0.331 0.196 3rd
Weibull extension model vs. Normal distribution (µ=10 and σ=1) 
2
nA  0.129 0.286 0.663 0.931 0.502 1st
2
nW  0.145 0.270 0.588 0.878 0.470 2nd
nD  0.146 0.226 0.468 0.759 0.400 3rd
Weibull extension model vs. Lognormal distribution (µ=0 and σ=1) 
2
nA  0.141 0.335 0.736 0.960 0.543 1st
2
nW  0.158 0.316 0.659 0.917 0.512 2nd
nD  0.142 0.254 0.558 0.851 0.451 3rd
Average Power for all tests 
2
nA  0.106 0.212 0.473 0.686 0.369 1st
2
nW  0.117 0.201 0.407 0.615 0.335 2nd
nD  0.110 0.164 0.328 0.524 0.281 3rd
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6.6.2 Findings and discussions 
From the Tables in Section 6.6.1, it can be concluded that: 
First, compare the rank of the power of different GoF tests by the criterion of 
the average power. Among the three EDF tests, the average power order is the A-D 
test, C-M test and then K-S test. This is only exceptional for the test of Exponential 
power model against normal distribution, although the difference among the three tests 
is very small. 
Second, the power of the tests increases significantly as the sample size 
increases, which is apparent in the three tables. Usually for the large-sample data sets, 
there is greater discriminatory power of detecting whether the data can be exactly fitted 
by the underlying model or not. This is consistent with the results obtained form the 
simulation here.  
Third, when the sample size n is small (n=10), the C-M test and K-S test is 
better than the A-D test, although the difference is very small. However, the A-D test 
statistics is the most powerful test among the three tests when the data has a moderate 
or large sample size (n ≥ 20).  
Fourth, all three tests have higher powers for tests against the normal group 
(the normal distribution and lognormal distribution) than the tests against the Weibull 
group (Exponential, Weibull and Rayleigh distributions). This can be explained as the 
Weibull extension family models can have both BFR and IFR and they are also related 
to Weibull distribution asymptotically. Generally GoF tests will be more sensitive to 
test Weibull extension family models against normal group models. 
In conclusion, the A-D test outperforms the other two tests for large sample 
sizes; and the K-S and C-M tests are better choices when dealing with small sample 
failure data.  
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6.6.3 Power of Test Statistics at Different Levels of Significance 
In addition, plots in Figures 6.7, 6.8 and 6.9 are the power of the tests versus the 
significance level of the test when sample size is 50 for Weibull extension distribution 


































































Figure 6.8: Power results of C-M test vs. significance level for n=50 

































Figure 6.9: Power results of K-S test vs. significance level for n=50 
 
 
It is shown in Figures 6.7 to 6.9 that the power is monotonic increasing as the 
significance level increases. It is also clear that higher power is obtained using A-D 
test than K-S and C-M tests. The power for the test of Weibull extension model against 
normal and lognormal distributions are much higher than that for the test of Weibull 
extension model against Weibull distribution group. From the simulation study, the test 
against lognormal distribution is highest among the five distributions, whereas test 
against Rayleigh distribution is smallest in terms of the powers. The difference 
between normal group and Weibull group is due to the model property of Weibull 
extension model, which can approximate the Weibull distribution under certain 
conditions. In contrast, curve of Weibull extension model has larger deviation from the 
normal or lognormal distribution, so the power of the tests against normal group 
distributions is higher. 
 
 




Above all, in this Chapter, the three EDF test statistics of Anderson-Darling, Cramer-
von Mises and Kolmogorov-Smirnov tests are investigated for the purpose of 
goodness-of-fit tests of Chen’s model, Exponential power model and the Weibull 
extension model.  
The estimators of MLE and Graphical method have been compared for both 
complete data and type II censoring data. It is recommended to use a combination of 
graphical method and MLE to estimate the model parameters. MLE usually 
outperforms the Graphical method, but for the small sample data or heavy censoring 
data, the Graphical method can give more accurate estimations.  
Monte-Carlo simulation method is conducted to obtain the critical values of 
GoF tests for the GoF statistics when the parameters are estimated using the maximum 
likelihood estimation method. From the results obtained, the critical values in the 
tables can be useful to apply the GoF tests for testing data of small, medium and large 
sample sizes. The results also display that the convergence of the A-D and C-M 
statistics is quicker than that of the K-S statistic. 
Furthermore, the power of test of GoF tests in alternative of Exponential 
distribution, Weibull distribution, Rayleigh distribution, normal distribution and 
lognormal distribution has also been looked into. The A-D test gives the highest 
discriminability among all the three tests for the family models. The K-S and C-M test 
are more powerful when the sample size is small. It is also found that the power is 
always better for the GoF tests against normal group distributions than that against 
Weibull group distributions. 
 
Chapter 7                              Change Points of Mean Residual Life and Failure Rate 
 144
Chapter 7 
Change Points of Mean Residual Life and Failure Rate 
Functions for BFR Models 
 
The lifetime distribution of many complex systems exhibits bathtub-shaped failure 
rate. As a result, many BFR distributions are proposed and analyzed. The failure rate 
function and mean residual life function are two important characteristics in reliability 
analysis and useful in replacement studies and burn-in optimization.  
Although many papers have studied BFR distribution and the properties, few 
have focused on the underlying associations between the mean residual life and failure 
rate of bathtub distributions, especially their critical changing points.  In this chapter, 
we investigate the changing points of MRL and FR functions for some generalization 
of Weibull distribution that can be used to model bathtub-shaped failure rate.  
The failure rate of BFR distributions should be flat for a long period of time. 
Many BFR distributions have a V-shaped failure rate function for most of parameter 
settings. Hence, it is of interest to investigate for what parameters or what BFR 
distributions, the flat portion is long. It is interesting to investigate to study the change 
points and discuss the sensitivities of the parameters with respect to the difference of 
the change point. The exponentiated Weibull family, Weibull extension model and a 
recent modified Weibull with bathtub-shaped failure rate function will be used by as 
illustration. 
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7.1 Introduction 
Let F(t) and f(t) be the cdf and pdf of a random lifetime distribution respectively. 
Hence, the reliability function and the FR function are: 
( ) 1 ( )R t F t= − , and ( ) ( ) ( )h t f t R t= .       (7.1) 
In case of continuous distributions, there exists relation of: 
0
( ) exp ( )
t
R t h x dx = −  ∫ .       (7.2) 
The MRL function µ(t) can be defined as the expected remaining lifetime on condition 
that the product is survived till time t. In other words, µ(t) can be expressed as: 
{ } ( ) 0| ( ) ( ),( )
( ) 00,
t




∞ >− ≥ ==  =
∫ .   (7.3) 
Therefore, µ(0) is the mean time to failure. It is also clear that, as discussed in Muth 
(1977), there exists relationship between MRL function µ(t) and h(t) as  
[ ]( ) '( ) 1 ( )h t t tµ µ= + ,        (7.4) 
which indicates that 1)(' −≥tµ . Both FR and MRL functions can uniquely determine 
the underlying lifetime distribution as pointed out in Barlow and Proschan (1981) and 
Guess and Proschan (1988): 
0 0
(0) 1( ) exp ( ) exp
( ) ( )
t t




  = − = −     ∫ ∫ ,     (7.5) 
on condition that ∞<< )(0 tµ  is continuous.  
In general, industrial products experience three main life phases, i.e., 1. The 
infant mortality region when the product is newly introduced with a high failure rate; 
2. The constant failure rate region when the product is stable and has an equal chance 
of defect; 3. The wear-out region when the failure rate is significantly increased. Such 
kind of product is said to exhibit a bathtub shaped failure rate property. Therefore, 
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BFR distributions are no doubt of highly importance in reliability applications and 
study. Rajarshi and Rajarshi (1988) gave a systematic account on BFR definitions, 
model constructing techniques, distributions and their properties. Besides, there are 
remarkable new BFR distributions proposed and analyzed in the last decade. Lai et al. 
(2001) provided a detailed survey on the recent models regarding to BFR issues. 
Relationship between the failure rate function and mean residual life function 
of BFR distribution has been investigated by several authors. It was shown that the 
mean residual life of a component is an upside-down bathtub shape on condition that 
this component has a bathtub shape failure rate function and µ/1)0( >h , where µ is 
the mean time to failure; MRL of a BFR distribution is a decreasing function if 
(0) 1/h µ≤  (Gupta and Akman, 1995). Besides, Mi (1995) also concluded that, 
assuming the model has a differentiable bathtub shaped failure rate function with a 
unique change point +∞<< *0 b , the mean residual life )(tµ  has an upside-down 
bathtub shape with a unique changing point **0 bt << . See for example, the plot of 
FR and MRL for the exponentiated Weibull family in Figure 7.1. *b  here will denote 
the change point of the failure rate curve, i.e., failure time with minimal failure rate of 
the bathtub curve; and *t  will denote the change point of the mean residual life 
function, i.e., failure time with maximal mean residual life. 
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Figure 7.1: FR and MRL function plot of exponentiated Weibull family when 
α =5, θ =0.1 and σ =100 
 
Conversely, Ghai and Mi (1999) had further given sufficient conditions for the 
unimodal MRL to imply the bathtub shaped failure rate. For any upside-down bathtub 
shaped MRL function with unique change point t*, if there exists *0 ( , ]t t∈ ∞  satisfies 
that:  
1. µ(t) is concave on 0[0, ]t  and convex on 0[ , ]t ∞ ; 2. µ’(t) is convex on *0[ , ]t t ,  
then the FR function has BFR property.  
Besides, Salvia (1996) has discussed situations on discrete mean residual life. 
Lim and Park (1995) considered trend change of continuous MRL. Tang et al. (1999) 
summarized and discussed the general characteristics and results of the MRL and FR 
for both continuous and discrete lifetime functions.  
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A chain of the relationship between FR and MRL is: 
Increasing Failure Rate (Decreasing Failure Rate) ==> Decreasing Mean 
Residual Life (Increasing Mean Residual Life) ==> New Better than Used in 
Expectation (New Worse than Used in Expectation) ==> Harmonically New Better 
than Used in Expectation (Harmonically New Worse than Used in Expectation). 
There are some papers dealing with the estimations of the change points of FR 
and MRL. Chen et al. (2001) provided constructing methods of the approximate 
interval estimation of the changing point for FR function. Guess et al. (1998) discussed 
the FR and MRL with trend changes and analyzed the change points of FR and MRL 
of the IDB distribution proposed by Hjorth (1980). Gupta et al. (1997) discussed the 
change points of lognormal distribution. Mitra and Basu (1995) developed general 
estimation of the changing points for non-monotonic aging models based on FR or 
MRL function. 
It is noted that the failure rate function is closely related to the mean residual 
life function, and the change points of the two functions would be critical for the 
application of BFR distributions. Although many similar papers look into issues of FR 
and MRL, few are focused on shape property of the MRL and FR of BFR distributions. 
Hence, from this study, we will analyze the FR and MRL and their change points for 
some generalizations of Weibull distribution that can be used to model bathtub-shaped 
failure rate. In Section 7.2, we will investigate the change points of MRL and FR 
functions of exponentiated Weibull family (Mudholkar and Srivastava, 1993), the 
Weibull extension model (Xie et al., 2002), the IDB distribution (Hjorth, 1980) and the 
modified Weibull distribution (Lai et al., 2003). From the sensitivity analysis in 
Section 7.3, we can find out the relationship between change point and parameters. 
Section 7.4 mainly focuses on the flatness of bathtub curve of BFR models. We also 
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investigate the parameter selection and the flat portion of bathtub curve for some BFR 
models. Finally is the conclusion in Section 7.5.  
 
7.2 Failure Rate and Mean Residual Life for some BFR 
Distributions 
In this section, the model properties, FR functions and MRL functions of some BFR 
models are looked into. These models studied include the exponentiated Weibull 
family (Mudholkar and Srivastava, 1993), the Weibull extension model (Xie et al., 
2002), the IDB distribution (Hjorth, 1980) and the modified Weibull model (Lai et al., 
2003). 
 
7.2.1 Exponentiated Weibull family by Mudholkar and Srivastava (1993) 
1). Characteristic functions  
The distribution has the cdf, pdf, FR function and MRL function as follows:  
 θασ }])/(exp{1[)( ttF −−= , 0,,,0 >> σθαt ,     (7.6)
 { }[ ] 11 )/]()/(exp[)/(exp1)( −− −−−= ααθα σσσσαθ ttttf ,    (7.7)

























.     (7.9) 
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When 1>α  and 1<αθ , the model exhibits bathtub shaped failure rate function 
(Mudholkar et al. 1996), and 
0
lim ( ) 1/
t
h t µ+→ = +∞ > , hence the distribution also has an 
upside-down bathtub MRL with a unique change point (Gupta and Akman, 1995; Mi, 
1995). 
 
2). Change points of FR and MRL 
Denote exponentiated Weibull family model with σ =1, which has the cdf of 
  θα )]exp(1[)( ttF −−= ,                 (7.10) 
as the standard exponentiated Weibull family model. The change points of FR and 
MRL of the exponentiated Weibull family are positively proportional to the values of 
the scale parameter σ, which is proved as below. 
The hazard rate function of Exponentiated Weibull family has the form in 
Equation (7.8). Suppose b1 is the minimal point of the bathtub failure rate curve at the 
scale parameter σ. Let us consider the distribution with scale parameter kσ. Since  
{ } 1 11 exp ( / ) exp[ ( / ) ]( / ) ( , )( , )
[1 [1 exp{ ( / ) }] ]
kt k kt k kt k h th kt k
k kt k k
θα α α
α θ
αθ σ σ σ σσ σ σ
− − − − − = =− − − ,  
it is obvious that the distribution with shape parameter kσ reaches its minimal failure 
rate point at kb1. Furthermore, the flat portion of the bathtub curve would be longer as 
scale parameter increases. Simultaneously, the product with a higher scale parameter 
has a lower minimal failure rate. 
Therefore, scale parameter σ will not determine the shapes of the FR and MRL 
curves. The change points of FR and MRL are proportional to the change points of 
standard exponentiated Weibull family. In order to study the change point, take the 
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derivative of the failure rate function of the standard exponentiated Weibull family 






( ) exp( ) *
(1 )
( 1) exp( ) ( 1) exp( ) ( 1)
dh t y t t
dt y
t t y y t t y t y yt
θ α α
θ




− − + − + − + − − −
 
(7.11) 
After simplifications, the above derivative implies that solving the equation of 
0)( =
dt
thd  is equivalent as the solution to the equation of 
 0]1)[1log()1()1( =−−+−+−− θθ θθαα yyyyy , where )exp(1 αty −−= . 
(7.12) 
It implies the change point of FR is 
  α/11 )]1log([* yb −−= ,  
where 1y  is the solution to Equation (7.12). 
Similarly, take the derivatives of MRL function to find the change point t*. 
  { }2112 )1(])1(1[)1(*)1( 1)( θθαθθ ααθµ ydxetyyydt td t x −−−−−−= ∫∞ −−− .   
 (7.13) 
Hence the change point can be obtained from the solution to the equation of 
  
1/
1 1 1/ 2
[ log(1 )]
(1 ) [ log(1 )] [1 (1 ) ] (1 ) 0x
y
y y y e dx y
α
α
θ α θ θαθ ∞− − −− −− − − − − − − =∫  .   
(7.14) 
and α/12 )]1log([* yt −−= , where 2y  is the solution to the Equation (7.14). 
  Although changing points of FR and MRL functions do not have close forms 
and solving the above equations of y is not easy sometimes, the change points are 
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unique and numerically traceable, and they can be obtained numerically with the aid of 
statistical software programming. 
 
7.2.2 Weibull extension model by Xie et al. (2002) 
1). Characteristic functions 
The cdf, FR and MRL functions of the Weibull extension distribution have the forms 
of (for simplification, re-parameter the parameters as α, β and multiplying parameter 
η=λα): 
( ){ }/( ) 1 exp 1 tF t e βαη  = − −  ,                   (7.15) 
( ) ( )( ) / exp /h t t tβ βηβ α αα  =   ,                (7.16)
 ( ) ( )( )/ /( ) exp expt xtt e e dxβ βα αµ η η∞   =    ∫ .              (7.17) 
where α and β are the scale and shape parameters respectively. 0>t  and parameters 
0>α , 0>β , 0η > . As discussed in Chapter 4, when 1<β , FR function has bathtub 
shape property; FR is increasing as 1β > . Similarly, the distribution shows DIB. As 
0
lim ( ) 1/
t
h t µ+→ = +∞ > , the distribution has an upside-down bathtub MRL with unique 
change point. 
 
2). Change points of the FR and MRL 
The change points of FR and MRL of the Weibull extension model are positively  
proportional to the values of the scale parameter α.  
  Obviously, the minimal point of the failure rate could be easily obtained from 
the derivative function of FR with expression of 
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( ) ( )22'( ) / ( / ) ( 1) exp /h t t t tβ ββηβ α β α β αα
−  = + −     .            (7.18) 
Hence, the change point of failure rate is at  
( )1* 1 1b βα β= − ,  and * 1 1/( ) (1/ 1) exp(1/ 1)h b βηβ β βα −= − − .           (7.19) 
b* is positive ratio to α and negatively related to β. b* has no relationship with the 
value of η.  However the failure rate at the change point *( )h b can be easily proved to 
be first increase and then decrease as β increases. 
On the other hand, similar to exponentiated Weibull family, change point of 
MRL of Weibull extension is α times the change point of standard Weibull extension 
model (when α =1), which has the MRL with the form of 
[ ] ( )[ ]∫∞= t xt dxeet ββ ηηµ expexp)( ,               (7.20) 
The maximal MRL of standard Weibull extension model can be obtained by taking the 
derivatives of MRL function. 
( )1( ) exp exp 1t t xtd t e t e e dxdt β β ββµ η ηβ η∞−   = −   ∫             (7.21) 
Hence the maximal MRL is obtained by solving the equation of 
 ( )1 exp exp 1 0t xtt t e e dxβ ββ βηβ η η∞−   + − =   ∫ .             (7.22) 
 
7.2.3 IDB distribution by Hjorth (1980) 
 
1). Characteristic functions 
The cdf, pdf, FR and MRL functions of IDB distribution have the following forms: 
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θ δβ= ++ ,                  (7.25) 
2
22 2 ( 2 )/ / 22 2
1




t e t e x e dx
θβ
δ δ
θ β δβ β
βµ ββ
− − −∞ −−
+
 = +    ∫ .             (7.26) 
Where the parameters δ, θ, β ≥ 0 and δ +θ >0. It is discussed in Hjorth (1980) 
that when 0<δ <θβ, the failure rate curve is bathtub shaped. As indicated in Guess et 
al. (1998) and Gupta and Akman (1995), the MRL is upside-down bathtub shaped with 
unique change point if 1(0) ,h θ µ −= >  where µ is the mean time to failure. 
 
2). Change points of the FR  
Hence, from Equation (7.25), the change point of the failure rate function of IDB 
distribution should be  
* ( / 1) /b θβ δ β= −  and *( ) (2 / 1)h b θβ δ δ β= − .            (7.27)
The change point of FR decreases as parameter θ decreases or δ increases. 
 
7.2.4 Modified Weibull distribution by Lai et al. (2003) 
1). Characteristic functions 
The modified Weibull distribution by Lai et al. (2003) is a three-parameter model with 
the following characteristic functions: 
( )( ) exp b tR t at eλ= − ,                  (7.28) 
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( )1( ) ( ) expb t b tf t a b t t e at eλ λλ −= + − ,                (7.29) 
1( ) ( ) b th t a b t t eλλ −= + ,                 (7.30)
where a >0, b ≥0 and λ >0. It is proved in Lai et al. (2003) that, when 0<b<1, the 
distribution can be used to estimate bathtub-shaped failure rate data. 
 
2). Change points of the FR and MRL 
Obviously, the minimal failure rate could be easily obtained from Equation (7.30) that 
* b bb λ




b b bh b a be λ
− −=   
.             (7.31) 
It has no relationship with the value of a. On the other hand, the maximal MRL can be 
solved and found numerically after running related software. 
 
7.3 Numerical Studies on the Change Points 
Define the absolute deviation and relative deviation between the change points of FR 
and MRL as D = b* - t * and d = D / b * respectively. Both exponentiated Weibull 
family and Weibull extension model are studied for their change points of FR and 
MRL in terms of various model parameters. Both change points and deviations are 
compared for each model. 
 
7.3.1 Numerical study on exponentiated Weibull family 
Take an example of parameters α =5, θ =0.1 and σ =100, which proves to satisfy the 
condition of BFR property. In order to satisfy the bathtub curve property, the 
parameters is restricted with the conditional region that 1>α  and 1<αθ . Consider 
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fixing two parameters and varying the remaining parameter, to satisfy the conditions of 
BFR properties, the regions of the parameters are as below: 
 In case of changing α and fixing θ and σ : 1 10α< < .  
 In case of changing θ and fixing α and σ : 0 0.2θ< < .  
 In case of changing σ and keeping α, θ constant: 0σ > .  
Table 7.1 summarizes the numerical results of change points when α ranges 
from 1.5 to 8; θ ranges from 0.01 to 0.18; σ ranges from 1 to 450. 
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Table 7.1: Change points of FR and MRL for exponentiated Weibull family  
 
α θ σ b* t* d D 
1.5 0.1 100 83.783 53.565 0.361 30.218 
2.0 0.1 100 50.340 27.462 0.454 22.878 
2.5 0.1 100 39.303 19.077 0.515 20.225 
3.0 0.1 100 34.055 14.930 0.562 19.125 
3.5 0.1 100 30.926 12.285 0.603 18.641 
4.0 0.1 100 28.694 10.296 0.641 18.398 
4.5 0.1 100 26.851 8.636 0.678 18.215 
5.0 0.1 100 25.153 7.163 0.715 17.991 
5.5 0.1 100 23.473 5.811 0.752 17.662 
6.0 0.1 100 21.736 4.872 0.776 16.863 
6.5 0.1 100 19.893 3.392 0.829 16.501 
7.0 0.1 100 17.909 2.380 0.867 15.528 
7.5 0.1 100 15.749 1.412 0.910 14.338 
8.0 0.1 100 13.375 1.066 0.920 12.309 
  
5 0.01 100 36.613 17.676 0.517 18.938 
5 0.02 100 35.544 16.584 0.533 18.960 
5 0.03 100 34.435 15.470 0.551 18.965 
5 0.04 100 33.282 14.335 0.569 18.947 
5 0.05 100 32.080 13.178 0.589 18.902 
5 0.06 100 30.826 12.002 0.611 18.824 
5 0.07 100 29.514 10.808 0.634 18.705 
5 0.08 100 28.136 9.600 0.659 18.536 
5 0.09 100 26.686 8.383 0.686 18.303 
5 0.10 100 25.153 7.163 0.715 17.991 
5 0.11 100 23.528 5.950 0.747 17.578 
5 0.12 100 21.797 4.760 0.782 17.037 
5 0.13 100 19.941 3.613 0.819 16.329 
5 0.14 100 17.941 2.538 0.859 15.403 
5 0.15 100 15.768 1.581 0.900 14.187 
5 0.16 100 13.384 0.799 0.940 12.585 
5 0.17 100 10.735 0.269 0.975 10.467 
5 0.18 100 7.743 0.056 0.993 7.687 
  
5 0.1 1 0.252 0.072 0.715 0.392 
5 0.1 50 12.577 3.581 0.715 19.601 
5 0.1 100 25.153 7.163 0.715 39.201 
5 0.1 150 37.730 10.744 0.715 58.802 
5 0.1 200 50.307 14.326 0.715 78.403 
5 0.1 250 62.884 17.907 0.715 98.003 
5 0.1 300 75.460 21.489 0.715 117.604 
5 0.1 350 88.037 25.070 0.715 137.205 
5 0.1 400 100.614 28.651 0.715 156.805 
5 0.1 450 113.190 32.233 0.715 176.406 
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From Tables 7.1, we have the following conclusions: 
The change points of FR and MRL are highly related to the selection of 
parameters. The minimal FR point is higher than the maximal MRL point, as 
demonstrated in Mi (1995). Change points of FR and MRL are decreasing as 
parameter α or θ increases. 
Change points of FR and MRL are positively proportional to the values of σ. 
Hence, relative difference remains constant when changing σ, which corresponds with 
the relationship discussed previously. 
The absolute difference between changing points is decreasing when increasing 
either parameter α or θ. The relative deviation is increasing when increasing either α 
or θ. The absolute difference is greater when increasing the scale parameter σ. 
 
7.3.2 Numerical study on Weibull extension distribution 
To maintain the bathtub hazard shape property, the model needs to satisfy the 
condition that 0<β <1. In the subsequent analysis, the effects on the changing points 
and the deviation between minimal FR and maximal MRL in terms of the parameters 
are examined. Similarly we will choose α =100, β =0.5 and η =2 as the basic 
combination of parameters and investigate the effects by only changing one parameter 
each time. The parameter regions are 1≤α ≤150, 0.3≤β ≤0.95, and 0.1≤η ≤5 
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Table 7.2: Change points of FR and MRL for Weibull extension distribution  
 
α β η b* t* d D 
1 0.5 2 1 0.741 0.259 0.259 
5 0.5 2 5 3.705 0.259 1.295 
10 0.5 2 10 7.410 0.259 2.590 
20 0.5 2 20 14.820 0.259 5.180 
30 0.5 2 30 22.230 0.259 7.770 
40 0.5 2 40 29.64 0.259 10.359 
50 0.5 2 50 37.05 0.259 12.949 
70 0.5 2 70 51.87 0.259 18.129 
100 0.5 2 100 74.10 0.259 25.899 
150 0.5 2 150 111.2 0.259 38.848 
  
100 0.30 2 1685 1577.9 0.064 107.020 
100 0.35 2 586.3 525.18 0.104 61.132 
100 0.40 2 275.6 233.82 0.152 41.752 
100 0.45 2 156.2 124.42 0.203 31.773 
100 0.50 2 100.0 74.10 0.259 25.899 
100 0.55 2 69.43 47.35 0.318 22.079 
100 0.60 2 50.88 31.50 0.381 19.379 
100 0.65 2 38.583 21.272 0.449 17.311 
100 0.7 2 29.807 14.222 0.523 15.585 
100 0.75 2 23.112 9.117 0.606 13.995 
100 0.8 2 17.678 5.319 0.699 12.358 
100 0.85 2 12.994 2.535 0.805 10.459 
100 0.9 2 8.704 0.724 0.917 7.980 
100 0.95 2 4.508 0.026 0.994 4.482 
  
100 0.5 0.1 100 12.572 0.874 87.428 
100 0.5 0.5 100 42.588 0.574 57.412 
100 0.5 1.0 100 59.354 0.406 40.646 
100 0.5 1.2 100 63.545 0.365 36.455 
100 0.5 1.5 100 68.399 0.316 31.601 
100 0.5 1.7 100 70.962 0.290 29.038 
100 0.5 2 100 74.101 0.259 25.899 
100 0.5 2.5 100 78.040 0.220 21.961 
100 0.5 3 100 80.928 0.191 19.072 
100 0.5 5 100 87.479 0.125 12.521 
 
 
We can find out the following results from Table 7.2: 
  Change point of FR is always larger than that of MRL, and it is solely related to 
the selection of α and β. In contrast, each parameter can affect the change point of 
MRL. Change point of MRL is positive related to parameters of α and η. Change 
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points of FR and MRL increase if β decreases. However, change points are more 
sensitive to parameter β than parameters α and η. Being a scale parameter, α is 
positively proportional to the change points. 
The absolute difference between the change points is greater if α is larger. D is 
also increasing when decreasing parameter β or parameter η. The relative deviation d 
is comparatively smaller in case that β is smaller or η is larger. 
 
7.4 Study on the Flatness of Bathtub Curve 
In practice, the region of constant failure rate is especially important for application. 
However, most BFR models have a V-shape failure rate under most parameter 
combinations. In this section, we will find out the association of parameters to obtain a 
comparatively longer constant phrase in the bathtub curve. It also deals with the 
underlying relationship between the change points and flatness of the bathtub curve. 
To study the flatness of the bathtub curve, we have to find a criterion to 
determine and consequently to compare the length of the constant phase in the bathtub 
curve first.  
 
Criterion 1: The life period with a constant failure rate within a maximal FR tolerance 
is defined as: 
)(*)1()( *bhkth +≤ .                 (7.32) 
Here *b  is the change point of bathtub failure rate curve. Let K = 1+k, then the 
criterion above is written as  
h(t) ≤ K h(b*). 
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It follows that two critical points will be obtained from above inequality. The length of  
the life period with a constant failure rate that satisfies the inequality can be found and 
further applied to compare the period of flat portion in the bathtub curve. 
 
Besides, many authors pointed out the method of maximizing the mean residual 
life function and use it as the burn-in period for BFR models (e.g., Weiss and Dishon, 
1971). This gives quite satisfactory result for manufacturing company in order to 
provide long life period of the products.  
There are also considerable papers which consider other burn-in criteria such as 
reliability characteristics and costs. For example, Yun et al. (2002) proposed a new 
methodology of determining optimal time by minimizing the total mean cost. If the 
maximum MRL criterion is used as the burn-in time, it is natural to study the length of 
useful period of the bathtub after the burn-in is introduced. Mi (2002) studied the 
bounds for burn-in time and replacement time which can be used for identifying the 
useful period between burn-in and replacement time. 
If the maximum MRL criterion is used as the burn-in time, it is natural to study 
the length of useful period of the bathtub after the burn-in is introduced. That leads us 
to consider the following criterion.  






−=∆                  (7.33) 
Therefore, if the obtained value of ∆ is higher, the slope of the arc inside the 
bathtub curve is higher and the curve is more likely to have a V-shape. Otherwise, the 
bathtub is flatter.  
From Equation (7.4), at the change point of MRL, there is the relation of 
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th µ= .       
Hence,  
1( *) ( *)t h b
D
µ − −∆ = .                  (7.34) 
From Equation (7.34), it is observed that the distance between the change points of FR 
and MRL is related to the flatness of the bathtub. Once the absolute difference is large, 
i.e., the two change points are further away from each other, the slope is smaller and 
the bathtub is flatter. 
The two criteria of determination of flatness as described above can be further 
explained in the Figure 7.2 below. 
 


















t2 t1 Criterion 1, Length 
Criterion 2: Slope 
 
Figure 7.2: Two criteria used for the flatness of bathtub curves 
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The flatness scenarios for three BFR models discussed in Section 7.2 will be 
investigated based on the length and slope criteria in the rest of this section. 
  
 
7.4.1 Exponentiated Weibull family 
Continue our analysis on the exponentiated Weibull family when 5, 0.1α θ= = , and 
σ =100. Choose the variation parameter k = 5%, the corresponding length of bathtub 
curve is summarized in the Table 7.3 to Table 7.5 and Figure 7.3 to Figure 7.5. 
 
Table 7.3: Length of flatness for exponentiated Weibull family at different α 
α D Length 103Slope α D Length  103Slope  
1.5 30.218 84.699 0.023 5.0 17.991 22.318 0.306 
2.0 22.878 45.375 0.078 5.5 17.662 21.794 0.329 
2.5 20.225 33.540 0.137 6.0 16.863 21.322 0.239 
3.0 19.125 28.317 0.187 6.5 16.501 20.830 0.381 
3.5 18.641 25.579 0.230 7.0 15.528 20.256 0.308 
4.0 18.398 23.993 0.261 7.5 14.338 19.536 0.471 
4.5 18.215 22.998 0.286 8.0 12.309 18.593 0.569 
 
Table 7.4: Length of flatness for exponentiated Weibull family at different θ 
θ D Length 103Slope θ D Length 103Slope 
0.01 18.938 24.194 0.256 0.10 17.991 22.318 0.306 
0.02 18.960 24.055 0.260 0.11 17.578 21.957 0.321 
0.03 18.965 23.904 0.264 0.12 17.037 21.533 0.339 
0.04 18.947 23.741 0.263 0.13 16.329 21.028 0.361 
0.05 18.902 23.562 0.267 0.14 15.403 20.414 0.391 
0.06 18.824 23.366 0.277 0.15 14.187 19.648 0.440 
0.07 18.705 23.149 0.282 0.16 12.585 18.662 0.514 
0.08 18.536 22.906 0.287 0.17 10.467 17.337 0.651 
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Table 7.5: Length of flatness for exponentiated Weibull family at different σ 
σ D Length 103Slope σ D Length 103Slope
1 0.392 0.223 3070 250 98.003 55.796 0.049
50 19.601 11.159 1.225 300 117.604 66.955 0.033
100 39.201 22.318 0.306 350 137.205 78.114 0.025
150 58.802 33.478 0.137 400 156.805 89.282 0.019






















MRL, α  =7
MRL, α  =5
 
Figure 7.3: Plot of exponentiated Weibull family at different α 
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MRL, θ =0.15 
MRL, θ =0.05 
 
Figure 7.4: Plot of exponentiated Weibull family at different θ 
 
















MRL, σ =150 
MRL, σ =50 
 
Figure 7.5: Plot of exponentiated Weibull family at different σ 
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From above tables and figures, it can be seen that the change points of FR and MRL 
functions are highly related to the selection of parameters. Change points decrease as 
any of the shape parameter α or θ increases. The larger α or θ  is, the greater the 
relative deviation will be. The absolute difference between change points decreases 
when either increases parameter α or θ. As indicated in Figure 7.3, the larger the shape 
parameter, the shaper the bathtub FR curve will be. Since σ is a scale parameter, 
change points and absolute difference are positively proportional to the values of σ.  
Under criterion 1, it is found out that the length of the constant region in the 
bathtub curve decreases when increasing α or θ. It is natural that the corresponding 
length of flat portion of BFR curve is positively proportional to the scale parameter σ. 
It is also observed that the absolute difference between the change points is exhibiting 
the same pattern in terms of the parameters. There exists the tendency that the portion 
of flatness is longer if the difference between the change points is larger. Based on 
measurement of the slope, it is observed that when the slope is small, the distance 
between the change points are large, which suggests a flatter bathtub FR curve.  
Finally, the product can achieve a lower failure rate which stands for a longer 
constant region length, if α or θ is smaller. However, we can obtain a longer flat 
portion in case of models with smaller θ, but the minimal failure rate h(b*) is also 
increasing. Hence it is more preferable for a model with parameters selections of 
smaller α or greater σ, which will achieve both a longer flat portion of bathtub curve 
and a lower random failure rate in the useful life period. 
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7.4.2 Weibull extension model 
Analysis on the Weibull extension model of α =100, β =0.5 and η =2 could also be 
carried out in the same procedures. Numerical methods have been utilized to obtain the 
length of the constant life phase in bathtub curve. Results are summarized as below: 
 
Table 7.6: Length of flatness for Weibull extension model at different α 
 
α D Length 103Slope α D Length 103Slope
1 0.259 1.294 112.8 40 10.359 51.745 0.070
5 1.295 6.468 4.512 50 12.949 64.681 0.045
10 2.590 12.936 1.128 70 18.129 90.553 0.023
20 5.180 25.872 0.282 100 25.899 129.361 0.011
30 7.770 38.808 0.125 150 38.848 194.042 0.005
 
 
Table 7.7: Length of flatness for Weibull extension model at different β 
 
β D Length 103Slope β D Length 103Slope
0.30 107.020 2425.489 0.0000 0.65 17.311 52.054 0.065
0.35 61.132 805.021 0.0003 0.70 15.585 41.835 0.099
0.40 41.752 366.416 0.0015 0.75 13.995 34.338 0.145
0.45 31.773 203.697 0.005 0.80 12.358 28.468 0.211
0.50 25.899 129.361 0.011 0.85 10.459 23.516 0.314
0.55 22.079 90.059 0.023 0.90 7.980 18.894 0.519
0.60 19.379 66.903 0.040 0.95 4.482 13.809 1.190
 
 
Table 7.8: Length of flatness for Weibull extension distribution at different η 
η D Length 104Slope η D Length 104Slope
0.1 87.428 129.361 0.074 1.7 29.038 129.361 0.111
0.5 57.412 129.361 0.098 2 25.899 129.361 0.113
1 40.646 129.361 0.106 2.5 21.961 129.361 0.115
1.2 36.455 129.361 0.108 3 19.072 129.361 0.116




Chapter 7                              Change Points of Mean Residual Life and Failure Rate 
 168











MRL, α  =150
MRL, α  =100









Figure 7.6: Plot of Weibull extension model at different α 
 



















Figure 7.7: Plot of Weibull extension model at different β 
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Figure 7.8: Plot of Weibull extension model at different η 
 
 As indicated in Tables 7.6 to 7.8 and Figures 7.6 to 7.8, the change point of FR is 
related to the selection of α and β and each parameter can affect the change point of 
MRL. The length of the flatness phase in the bathtub curve of Weibull extension model 
increases when decreasing β. It can be shown that the FR is proportional to scale 
parameter, hence the length is proportional to α. It is also known that minimal FR has 
no connection with the parameter η, and η has no influence on the flatness based on 
Criterion 1, however, based on the slope criterion, the flatness is longer whenη is 
smaller. There continuously exists the pattern that the portion of flatness is longer if 
the difference between the change points is larger.  
Weibull extension model with larger α have a longer flat portion of constant 
life phrase with smaller minimal failure rate level. Although models with parameter of 
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smaller β can achieve a longer constant failure rate region as well, the FR at the change 
point varies as the value of β changes. 
 
7.4.3 Modified Weibull distribution 
To maintain the bathtub hazard shape property, the model needs to satisfy the 
condition that 0<b<1. Moreover, the distribution is BFR distribution with unique 
change point when 0<b<1. As 
0
lim ( ) 1/
t
h t µ+→ = +∞ > , the distribution has an upside-
down bathtub MRL with unique change point. Results are summarized in Table 7.9 by 
varying 0.5<a<5, 0.1<b<0.9, and 0.005<λ <0.1 respectively. It will look into the 
effects on the changing points, deviation between minimal FR and maximal MRL and 
the length of flatness portion in consideration of the three parameters. 
For the shape parameter, it can be proved that change point of FR always 
reaches maximum at b=0.25, which is consistent to the table above. However, it is 
interesting that the change point of MRL does not reach it maximum at b=0.25. The 
general tendency of increasing shape parameter is to obtain smaller change points and 
absolute difference. Besides, change point of MRL is higher for model with larger a or 
smaller λ. The absolute difference between change points is decreasing for a bathtub 
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Table 7.9: Change points of FR and MRL and flatness of bathtub curve for 
modified Weibull distribution at different parameters 
 
a b λ b* t* d D Length 
0.5 0.4 0.01 23.246 14.080 0.394 9.166 21.640 
1.0 0.4 0.01 23.246 17.386 0.252 5.860 21.640 
2.0 0.4 0.01 23.246 19.823 0.147 3.422 21.640 
2.5 0.4 0.01 23.246 20.411 0.122 2.835 21.640 
4.0 0.4 0.01 23.246 21.374 0.081 1.872 21.640 
5.0 0.4 0.01 23.246 21.719 0.066 1.527 21.640 
      
0.1 0.1 0.01 21.623 2.017 0.907 19.606 21.031 
0.1 0.2 0.01 24.721 3.631 0.853 21.090 22.376 
0.1 0.3 0.01 24.772 4.949 0.800 19.823 22.357 
0.1 0.4 0.01 23.246 5.877 0.747 17.368 21.640 
0.1 0.5 0.01 20.711 6.265 0.698 14.446 20.425 
0.1 0.6 0.01 17.460 5.969 0.658 11.491 18.766 
0.1 0.7 0.01 13.666 4.914 0.640 8.752 16.630 
0.1 0.8 0.01 9.443 3.149 0.667 6.294 13.880 
0.1 0.9 0.01 4.868 0.995 0.796 3.873 10.097 
  
0.1 0.4 0.005 46.491 14.204 0.694 32.287 43.280 
0.1 0.4 0.010 23.246 5.877 0.747 17.368 21.640 
0.1 0.4 0.015 15.497 3.483 0.775 12.014 14.427 
0.1 0.4 0.020 11.623 2.396 0.794 9.227 10.820 
0.1 0.4 0.030 7.749 1.408 0.818 6.341 7.213 
0.1 0.4 0.050 4.649 0.716 0.846 3.933 4.328 
0.1 0.4 0.080 2.906 0.382 0.869 2.524 2.705 
0.1 0.4 0.100 2.325 0.283 0.878 2.042 2.164 
 
The length of the flat portion is generally larger if the change points greatly 
deviate from each other for the shape parameter b and parameter λ.  The length of 
flatness has no relation to the parameter a, and reaches maximum for b=0.25. Last, the 
modified Weibull distribution with either smaller b or smaller λ can possess a 
comparatively flatter bathtub curve with a lower failure rate during the constant life 
period. 
In summary, the criteria proposed for determination of flatness of FR curve are 
quite impressive for studying the relationship between the flatness of bathtub and the 
difference of change points. A general relationship should be that the bathtub is flatter 
if the absolute difference of change points is larger or the slope between changes 
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points is smaller. It is also noticed that the current criteria may not always be effective 
to differentiate flat and shape bathtub curve. Other criteria can be considered as a 
combination for the decision-making. 
 
7.5 Conclusion 
This Chapter has dealt with an interesting issue by studying the change points of 
failure rate and mean residual life function. The difference is important from a number 
of points of view. First, after a burn-in period that maximizes the mean residual life, 
the failure rate can be expected to continue to decrease for quite sometime. Hence, if 
the initial failure rate is of concern, burn-in time could be extended. Also, a model that 
can be used to describe the bathtub curve should have a flat portion that is long. If the 
difference between change points is large, we also expect this to be the case. In 
general, some criteria for flatness are needed. Two criteria are used and studied in this 
Chapter.  
We have focused models with bathtub-shaped failure rate function, and 
specifically on some three parameter generalization of Weibull distribution. From the 
BFR models we have studied, we also find out the sensitivity of parameters on the 
change points of FR and MRL functions. For example, change point is smaller when 
the shape parameters of exponentiated Weibull distribution increase or the scale 
parameter decreases. On the other hand, the change point of MRL of the extended 
Weibull distribution will occur earlier when increasing shape parameter or decreasing 
either parameter α or parameter λ. 
Furthermore, in consideration of the relative difference between change points 
of mean residual life function and the failure rate function, we find out that, there 
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usually exists the pattern that the larger the absolute difference between the change 
points is or the smaller the slope between the change points is, the longer the flat 
portion tends to be. By careful selection and control of parameters settings, different 
BFR models can not only achieve a longer flat portion of useful life phrase, but also a 
lower random chance of failure in the flat portion.  
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Chapter 8 
Applications and Extensions of the Weibull Family 
Distributions  
 
8.1 A Case Study of Anisotropic Conductive Adhesive Flip-Chip 
Joint with a New General Weibull Distribution 
Conductive adhesive joining in flip-chip packaging is considered to be one of the 
future packaging methods as this technology offers potentials for low cost, high 
reliability and simpler processing. Some of the work on the process optimization, 
environmental aspects in this novel emerging technology have been published previously 
by several authors and groups (Wu et al., 1999; Lai and Liu, 1996; Ishibashi and Kimura, 
1996; Liu et al., 1999).  
In this section, the application of Weibull distribution is carried out to analyze 
the failure of the conductive adhesive joints under different failure criteria. The failure 
data are collected and provided by Professor Johan Liu in the Division of Electronics 
Production, Department of Production Technology of Chalmers University of 
Technology, Sweden.  
A significant number of accelerated reliability tests under well-controlled 
conditions based on single joint resistance measurement were carried out to generate 
significant reliability data for using Anisotropic Conductive Adhesive (ACA) flip-chip 
technology on FR-4 substrate. Nine types of ACA and one non-conductive film (NCF) 
were used. In total, nearly one thousand single joints were subjected to reliability tests 
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in terms of temperature cycling between -40oC and 125oC with a dwell time of 15 
minutes and a ramp rate of 110 oC/min. The test chip used for this extensive reliability 
test had a pitch of 100 µm. Therefore, the test was particularly focused on evaluation 
on the reliability of ultra fine pitch flip-chip interconnections using anisotropically 
conductive adhesives on a low-cost substrate. 
The reliability was characterized by single contact resistance measured using 
the four-probe method during temperature cycling testing up to 3000 cycles. The 
failure definition is defined as 20% increase, larger than 50mΩ and larger than 100 
mΩ respectively using the in-situ electrical resistance measurement technique. Usually 
when tests are carried out in different conditions or when the data is from different 
failure criteria, the data sets are analyzed separately. This usually involves a large 
number of combined model parameters and there is no clear relationship between the 
model parameters. 
  The aim of the research and analysis here is to present a general approach of the 
modeling of such failure data and the interest here is on the reliability models under 
different failure criteria. A generic four-parameter model has been developed and 
applied. As an illustration, a single Weibull model is used for two failure definitions 
defined as larger than 50mΩ and larger than 100 mΩ respectively using the in-situ 
electrical resistance measurement technique. The model can also be used to predict any 
minimum failure cycles if the maximum acceptable failure criterion (in this case, a 
preset electrical resistance value) is set. Specific failure criterion can be incorporated 
into this Weibull model. This study shows the flexibility and usefulness of Weibull 
distribution in this type of applications. 
Section 8.1 is organized as follows. Section 8.1.1 presents the test set up and 
some preliminary results. In Section 8.1.2, a general Weibull model is presented 
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together with the estimation of model parameters and possible application of the 
model. Using the test data described in Section 8.1.2, some numerical values are 
shown in Section 8.1.3 to illustrate the approach.   
 
8.1.1 The test and preliminary analysis 
 
1). Set-up of the test 
To study the reliability of conductive adhesive joints, contact resistance of single joints 
is one of the most important parameters. Therefore, a test chip was designed for four-
probe measurement of single joints. The configuration of the test chip contains 18 
single joints and two daisy-chains (18 joints for each). The pitch of the test chips is 100 
µm. Bump metallization of the chips is electroless nickel and gold. Table 8.1 
summarizes some characteristic parameters of the test chip. 
 
Table 8.1: Technical data of silicon test chips 
 
Chip size Bump (µm) Pitch No. Of 
(mm) size  height (µm) bumps 
3.0x3.0  60 20 100 54 
 
  In this work, the reliability study focused on the reliability of ACA joining, i.e. 
the characteristics of ACA joints together with the usage environment. A temperature 
cycling test was applied for the evaluation. The reliability of ACA joints was 
characterized by the change of contact resistance in the cycled temperatures. A total of 
954 joints (53 chips) with different ACA materials were tested. Two chips with 36 
joints were measured in situ with the four-probe method during testing up to 3000 
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cycles, and other joints were taken out from the equipment every several hundred 
cycles to manually measure the resistance change in room temperature. 
  The test was performed in a temperature cycling cabinet Heraeus Vötsch VMS 
3.  ACA joints were tested from -40oC to 125oC. The dwell time was 15 minutes, and 
the ramp rate was 110 oC/min. Temperature transition from -40oC to +125oC in 1.5 
min. 
  Most ACA joints were manually measured every several hundred cycles 
because of the capacity of the cabinet. A total of 918 joints (51 chips) were tested. 
Some of them, 126 joints of 7 chips, failed after only 200 cycles due to bad alignment, 
so they were screened out. The remaining 792 joints (44 chips) were tested for 1000 
cycles. Cumulative failures of the ACA Flip-Chip joints were measured manually at 
room temperature according to different criteria (i.e., the resistance increase was over 
20%, and contact resistance was over 50 mΩ and 100 mΩ). 
 
2). Preliminary analysis 
Cumulative fails of the in-situ testing are shown in Figure 8.1. The number of fails is 
dependent on the definition of the failure. Figure 8.1 shows three statistics on the 
cumulative fails respectively based on the different criteria: >20% of contact resistance 
increase; >50 mΩ; >100mΩ. When the criterion was defined at 20% of resistance 
increase, after 2000 cycles all of joints failed. This definition might be too harsh for 
those joints only having a contact resistance of several mΩ. The 20% increase means 
only a few milliohms are allowed to vary. In some case, the limitation is still within the 
margin of error of the measurement.  















Figure 8.1: Cumulative failure of ACA flip-chip joints on an FR-4 substrate 
during the temperature cycling test 
 
 
If we, in any case, allow 50 mΩ or 100 mΩ as the failure criteria, we will obtain a 
Mean Time to Failure (MTTF) value of 2500 and 3500 cycles respectively. Therefore, 
it is reasonable that the criterion is defined according to the production requirements. 
Figure 8.2 shows an example of an ACA joint resistance change measured by in-situ 
technique during cycling.  




















Figure 8.2: Resistance of the ACA joint change in temperature cycling test 
 
  A problem in the analysis of this type of data is that failures under different 
criteria are usually analyzed separately. With a small number of data points and a large 
total number of model parameters, the analysis is usually inaccurate. It would be useful to 
develop an approach for joint analysis of the data sets. The following sections present a 
Weibull model with the analysis of the data in Figure 8.1 as an example. 
 
8.1.2 The general Weibull model  
1). Three-parameter Weibull model 
The traditional 3-parameter Weibull distribution, named after Waloddi Weibull (1951), 
has the following form 
( )[ ]{ }( ) 1 exp /F t t βτ α= − − − ,  τ≥t ,     (8.1) 
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whereα  is the scale parameter, β  is the shape parameter which is a kind of wear 
characteristic, and τ  is the location parameter indicating the minimum life.  
Weibull model is very flexible and widely used. This distribution has been 
frequently used in estimating the reliability of different electrical or mechanical 
products and systems. Weibull distribution and its extension have constantly been a 
topic for the research study over the past decades.  
There are some applications of Weibull model in microelectronics packaging 
and manufacturing industry and products found in recent journals (e.g., Gerkeb et al., 
1999; Pecht et al., 1997; Tamai, 1996). The model is also applied in Joyce (1991) to 
predict lifetime of aluminum alloy wires and investigate acceptance plans with 
different Weibull characteristic lifetimes. It is used to fit the failure time of Chip Scale 
Package (CSP) solder joint and concluded as guidance for CSPs designing (Amagai, 
1999). Different types of CSP are analyzed by Weibull models as in Wang et al. 
(1999). Moreover, Weibull cumulative hazard analysis is employed in Sumikawa et al. 
(2001) to compare the thermal fatigue life of solder joints with different variables. 
Many other studies and findings related to the theory and application of Weibull model 
can be found in various publications, although our model of combining data under 
different failure criteria seems to be a new application. 
 
2). Failure-criteria dependence of the location parameter 
Since α  and β  in the Weibull distribution are material dependent with α  
characterizing the strength of the material and β  characterizing the aging effect of the 
material, it can be assumed that they are independent of the failure criterion in this 
case. However, the location parameter τ  should depend on the failure criterion 
because of the cumulative damage leading to a failure.  
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Let the failure criterion be generally described as 0krr > , where 0r  is the 
nominal level (in this case, the nominal resistance).  For example, for “>20%” case, 
k=1+20%. We can let τ be a function of r (or a function of k). A generalized model can 
be developed under this framework. 
Let 0τ  be the location parameter at the nominal value. Here we assume that this 
location parameter 0τ  is great than zero, which means that the material has a failure-
free life until 0τ . Some preliminary analysis indicates that a model for τ  could be  
bk0ττ = ,         (8.2) 
where b is a parameter that can be estimated with test data. That is, the probability of 
failure at time t depends on the value of k in the following manner: 
0( ; ) 1 exp{ [( ) / ] }
bF t k t k βτ α= − − − ,      (8.3) 
Hence this is a model with four parameters, but it can fit the data sets under different 
criteria at the same time. 
 
Such a model is useful in many aspects. Some are discussed in the following. 
First, the minimum life defined as bk0ττ =  can be computed for any given 
failure criteria. This provides a theoretical explanation of the existence of the minimum 
life and its dependence of the failure criteria. 
Second, fixing a minimum cycle time to failure, the failure criterion that meets 
this requirement can be determined. This is useful in contractual situation when a 
minimum cycle time is to be garanteed.  That is, if the required or guaranteed 
minimum cycle life is rτ , from the inequality rbk ττ ≥0 , we get that  










τ .         (8.4) 










Furthermore, under any failure criterion, the cumulative failure probability can 
be computed at any time. With all the four parameters known or estimated from data 
collected in several experimental criteria, estimation of the cumulative failure 
probability at any time under any criterion can be inferred from the above model. Such 
inference can be useful and convenient for application and further related study. 
 
3). Least square estimation  
The general model contains four parameters that have to be estimated using the data 
from testing. Various methods can be used, and here the parameters can be estimated 
by simple least square method. Here the cumulative distribution function is estimated 




jF ,         (8.5) 
 






































    (8.6) 
where m different failure criteria have been considered and in  samples are tested for 
each criterion i and ik  is the criterion parameter of criterion i. For each sample group 
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with in  samples, id  components have failed, and ijt  is the time to failure for the j
th 
failed component.  
Since parameter 0τ  is defined as the location parameter at the nominal failure 
criterion, it is suggested to use the sample data under the nominal failure criterion to 
estimate the parameter 0τ .  
Therefore, the minimization of SSE is accomplished by taking the partial 
derivatives of SSE with respect to the parameters and setting the resulting equations to 
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The above equations can be solved using computer spreadsheet or software. 
Also note that the location parameter model bii k0ττ =  should satisfy the condition that 
1ii t≤τ  under each failure criterion i. 
 
8.1.3 A numerical example 
Data of the failure of adhesive flip-chip joints on an FR-4 substrate during the 
temperature cycling test is reconsidered to illustrate the above new model and 
estimation. Under criterion II (failure if resistance >50 mΩ), and criterion III (failure if 
resistance >100 mΩ), the cumulative number of failures is summarized in the 
following table. 
Table 8.2: Cumulative number of failures under different failure criteria 
 
Cumulative Number of Failures 
 Cycles to Failure 
Criterion II ( >50 mΩ ) Criterion III ( >100 mΩ ) 
1170 1 1 
1300 2 - 
1550 3 - 
1925 4 - 
2050 5 - 
2100 6 - 
2300 9 2 
2350 10 - 
2400 11 - 
2500 13 3 
2550 14 - 
2600 - 5 
2650 17 6 
2700 - 7 
2750 - 9 
2800 19 - 
2850 20 - 
2900 21 - 
2950 22 10 
 
Chapter 8                                                                          Applications and Extensions 
 185
The nominal level of the test ( 0r ) is 6 mΩ, thus the criterion parameters 1k  and 











r  respectively. Using the spreadsheet, the 
least square estimations of the parameters are: 
α = 1954, β = 4.076, 0τ = 370, b = 0.409 and SSE = 0.1261. 
The overall model is then given by 
}]1954/)370[(exp{1);( 076.4409.0ktktF −−−= , 
where k is the failure criterion defined as failure when the resistance is k times the 
nominal value.  This above formula can be used for different failure criteria. 
 
 
Hence, the minimum cycle life is given by 
409.0370lifeminimum k= . 
Hence, for any given failure criterion, we can obtain the minimum life with this 
formula. The estimated minimum life at failure definition of larger than 50mΩ and 
larger than 100 mΩ are 880.68 and 1169.33 respectively. Table 8.3 shows the 
estimated minimum life and MTTF under some different failure conditions. 
Furthermore, for fixed or agreed cycle to failure, we can obtain the maximum 
failure criteria as 
0
409.0







> ck  
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That is, to ensure that the minimum life is 0c , the failure criteria cannot be more 
stringent than criterion of “failure when the resistance is k0 times the nominal value”.  
 
Table 8.3: Minimum life and MTTF under different failure criteria 
 


















The original reliability testing from which the test data was obtained was carried out 
on Flip-Chip anisotropically conductive adhesive joints on an FR-4 substrate. In the 
study, nine types of anisotropic conductive adhesive (ACA) and one non-conductive 
film (NCF) were used. In total, nearly one thousand single joints were subjected to 
reliability tests in terms of temperature cycling between -40oC and 125oC with a dwell 
time of 15 minutes and a ramp rate of 110oC/min. The reliability was characterized by 
single contact resistance measured using the four-probe method during temperature 
cycling testing up to 3000 cycles.   
 A generic four-parameter model has been developed and applied to the ACA 
flip-chip joining technology for electronics packaging applications. The model can also 
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be used to predict any minimum failure cycles if the maximum acceptable failure 
criterion (in this case, a preset electrical resistance value) is set. The failure criteria are 
incorporated into the Weibull model. This study demonstrates the flexibility and 
usefulness of Weibull distribution in this type of applications. The proposed model can 
further be extended in many ways. Other models than Weibull distribution can be used 
as the underlying lifetime distribution. Also, other form of relationship can be used 
instead of the exponential model for τ. We can extend the same idea to the shape and 
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8.2 Case Study on Electronic Products with Grouped Failure Data 
8.2.1 Data description 
The failure data of an electronic component studied are right censored grouped data, 
which is summarized in the Table 8.4 below: 
 












0.0 9.6 0 0 0 -
9.6 12.8 3 3 8%      0.0234 
12.8 19.2 9 12 30%      0.0380 
19.2 22.4 5 17 43%      0.0558 
22.4 35.2 7 24 60%      0.0238 
35.2 48.0 1 25 63%      0.0049 
48.0 73.6 2 27 68%      0.0052 
73.6 99.2 2 29 73%      0.0060 
99.2 124.8 0 29 73% -
124.8 176.0 2 31 78%      0.0036
176.0 278.4 1 32 80%      0.0011  
278.4 585.6 0 32 80% -
585.6 790.4 2 34 85%    0.0012
>790.4 6 40 100% -
 
 









0.0 200.0 400.0 600.0 800.0 1000.0
 
Figure 8.3: Empirical hazard rate plot 
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As seen from the empirical hazard rate plot, the product may exhibit either a 
decreasing or a more complicate hazard rate function, such as bathtub, unimodal or 
roller-coaster curve hazard rate functions.  
 
8.2.2 Analysis using Weibull distribution 
Firstly, the frequently used reliability distributions of Exponential, Weibull, Log-
normal and Extreme-value can be tried to fit the data. As a result, both Weibull 
distribution and Log-normal distribution can achieve a comparatively better goodness 
of fit, although none of the basic distributions can provide a satisfied explanation of the 
failure data.  
Take Weibull distribution as an example, the corresponding Weibull 
probability plot with the parameters estimated using least square estimation method 
with 95% confidence limits is shown in Figure 8.4. 
The estimation of the parameters is: 
αˆ  =90.45, βˆ  =0.91;   
and R2 =0.66, which suggested that the estimated Weibull distribution is not giving 
good enough estimate to explain the failure data. 
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Figure 8.4: Weibull probability plot (least square estimation) 
 
 
Besides, the maximum likelihood estimation method can also be used to obtain 
the Weibull model parameters. The results are summarized in Table 8.5. 
 
Table 8.5: MLE of Weibull distribution 
 
95% Confidence Interval 
Parameter Estimation
Standard 
Error Lower Limit Upper Limit 
β 0.536 0.071 0.414 0.693 
α 146.51 47.591 77.512 276.924 
 
The estimations of parameters are 
αˆ  =146.51, βˆ  =0.536; and the log-likelihood is -119.28.  
From the interval estimation of the shape parameter, which is less than one, it is 
concluded that the product can be statistically believed to possess a decreasing FR 
property. Therefore it is necessary to pay attention to the screen or burn-in procedures 
at the beginning life period of the product. 
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0.0 9.6 0 8.292 
9.6 12.8 3 1.204 
12.8 19.2 9 1.941 
19.2 22.4 5 0.816 
22.4 35.2 7 2.645 
35.2 48.0 1 2.027 
48.0 73.6 2 3.045 
73.6 99.2 2 2.263 
99.2 124.8 0 1.790 
124.8 176.0 2 2.706 
176.0 278.4 1 3.510 
278.4 585.6 0 4.866 
585.6 790.4 2 1.501 
>790.4 6 3.396 
 
 
However, the Pearson Chi-square test statistic with a degree of freedom of 3 is 
calculated as in Table 8.6. Chi-square test statistic is 60Λ = , and the corresponding p-
value is quite small. The Anderson-Darling test statistic is 6.26, which is also 
significantly large to reject the null hypothesis of Weibull distribution. Hence it can be 
concluded that Weibull distribution is not a suitable model for this electronic product. 
Since Weibull distribution does not give a good fit to the failure data, it is 
advised to apply the other extended models with non-monotonic hazard rate functions 
to analyze the data. For example, the bathtub models and mixture models will be 
applied in the next sections. 
 
8.2.3 Analysis using bathtub model 
1). Weibull extension model 
Although the three-parameter Weibull extension model can usually be used as a BFR 
model to estimate non-monotonic failure rate lifetime data, sophisticated software 
programs are required in order to locate the maximum likelihood estimation. There are 
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difficulties when dealing with complex data sets, especially grouped data with 
censoring.  
From the numerical study investigated, we may not obtain the global MLE of 
the Weibull extension model easily. However, in our case here, we can obtain the MLE 
for two sub-models of the Weibull extension model, i.e., the Chen’s model (2000) 
when α =1 and the exponential power model when η=1. The results are summarized in 
the table below. 
Table 8.7: Estimations of two bathtub models 
 
Model MLE of parameters Log-Likelihood 
Chen (2000) α =1, β =0.181, η =0.086 -125.55
Exponential power model α =497.1, β =0.374, η=1 -123.31
 
 
For both of the Chen’s model and the exponential power model, the log-
likelihood is larger than that of the Weibull model. As for the Weibull extension 
model, from the results we obtained, we find out that the likelihood will reach its 
maximum only when parameter α is very large. The estimated parameter βˆ =0.536, 
51.146/ ≈ηα β ,  and log-likelihood approaches to -119.28. As pointed out in Xie et 
al. (2002), the Weibull extension model is related to Weibull distribution when scale 
parameter is large enough. For the grouped data here, it shows that Weibull extension 
model can not give a better fit to the failure data than the Weibull distribution. 
 
 
2). Other bathtub failure rate models 
By examining the other BFR models, there still exist problems when the MLE can not 
be obtained numerically. For the exponentiated Weibull family model, when α =0.147, 
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θ =108, σ =0.0009, the log-likelihood value is -108.9. It is also noted that the estimated 
failure exponentiated Weibull model has a unimodal failure rate function. However, 
the corresponding Pearson chi-square test statistic is 33 and p-value is 0.00, which also 
suggests that exponentiated Weibull family is not a suitable model here. Figure 8.5 is 
the fitted hazard rate functions from several models. 



















8.2.4 Analysis using the mixture of two Weibull distributions 
Since it is concluded that neither single Weibull model nor the bathtub models 
provides good enough fits to the grouped data, it is necessary to explore other models 
with different types of failure rate functions, such as the gamma distribution or mixture 
of Weibull distributions to estimate the data. The eight types of failure rate curve with 
connection to the choices of the five parameters of the mixture Weibull distribution are 
examined by Jiang and Murthy (1998). In addition to the monotonic failure rate 
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functions, it can also be used to estimate failure data with the roller-coaster shape. In 
this section, the MLE of the mixture Weibull distribution is obtained. 
127.21ˆ,431.4ˆ,275.644ˆ,657.0ˆ,437.0ˆ 2211 ===== αβαβp ,  

















exp*437.0)(ˆ tttR . 
The Log-Likelihood is -94.473, which is considerably better than those of the other 
models. Figure 8.6 plots the estimated failure rate function of the above mixture 
Weibull distribution.  
As we observed from Figure 8.6, the estimated model is a roller-coaster hazard 
rate curve. The failure rate decreases sharply at the beginning, follows by a significant 
sign of increasing and finally decreasing very quickly to a comparatively lower failure 
rate level. From the graphical plot here, it fits the grouped data better and may 
definitely be a better model to use for the failure analysis of this product. 
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Figure 8.6: Failure rate function of the estimated mixture Weibull distribution 
 
 
8.2.5 Nonparametric estimation 
Finally, we can also try to use the non-parametric method (Turnbull estimate) to 
estimate the survival function of the product at different observed intervals, and the 
estimations of reliability with 95% confidence intervals are summarized in Table 8.8.  
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Table 8.8: Non-parametric estimation of reliability at endpoints of intervals 
 
Time Reliability Standard Error Lower CL Upper CL
12.8 0.925 0.042 0.843 1.000
19.2 0.700 0.072 0.558 0.842
22.4 0.575 0.078 0.422 0.728
35.2 0.400 0.077 0.248 0.552
48.0 0.375 0.077 0.225 0.525
73.6 0.325 0.074 0.180 0.470
99.2 0.275 0.071 0.137 0.413
176.0 0.225 0.066 0.096 0.354
278.4 0.200 0.063 0.076 0.324






























From the analysis on the failures using different models, Weibull distribution is not a 
suitable choice to fit the grouped censored data of this product. 
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Although BFR models can be applied, it usually meets difficulty when trying to 
find the MLE of the parameters of the grouped data. This may due to the reason that 
the MLE does not exist. The sample size is also not large enough for certain cases. The 
fact that the failure data as grouped censoring data is actually bringing complexities for 
the numerical analysis. If we have exact failure data of the components, or the failure 
data can be approximately regarded as the midpoints of the observed intervals, more 
detailed and accurate estimations based on the BFR models can be obtained.  
Since from the empirical plot of hazard rate function, it may suggest that a 
roller-coaster failure rate model can be used for more accurate estimation. The mixture 
Weibull distribution has a comparatively best goodness-of-fit among all the models 
studied here. The estimated mixture Weibull distribution has a roller-coaster failure 
rate function, which is most precise in estimating the lifetime of this product. 
Non-parametric method based on Turnbull method is finally examined, and it 
also provides valuable reference for the survival function and confidence intervals on 
the critical inspection times. 
Above all, it is necessary to pay attention to the testing and screening 
procedures at the initial periods of the products. The product also possesses a 
considerably negative aging property in its later life stages. 
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8.3 Extension to Discrete Weibull Distribution 
The continuous lifetime distribution is most frequently used and applied for the 
reliability study and analysis, while there are certain products which follow discrete 
lifetime distribution. Hence, the study of discrete BFR model is quite meaningful for 
products with discrete bathtub failed data. In this section, the discrete model extended 
from the continuous Weibull extension model is derived. The model properties and 
estimation methods are discussed. From the study, it is hoped to introduce and provide 
an alternative model of discrete BFR model for applications and theoretical study. 
A discrete Weibull extension model can be derived from the continuous 
Weibull extension model using method of time discretization. Suppose T follows the 
Weibull extension model with a cdf of 
{ }( / )( ) 1 exp 1tF t e βαη  = − − −  , with 0,, >ηβα .    
Hence, let the discrete random variable K= T + 1 be defined with 
characteristics functions of: 
( ){ }( ) exp 1kR k q βη= − − ,       (8.8) 
( ){ } ( ){ }( 1)( ) exp 1 exp 1k kp k q qβ βη η−= − − − − − ,               (8.9) 
∀ k ∈ N*, 

= βα
1expq >1 and 0, >ηβ . 
The hazard rate function is: 
( ){ }ββη kk qqkh −−= − )1(exp1)( , for k=1, 2, 3, …             (8.10) 
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Figures 8.8 and 8.9 below plot the characteristics functions for the three-
parameter discrete Weibull extension model with the selection of parameters of q = 2, 
β =0.5 and η=2. 
 
















Figure 8.8: Failure rate curve when β < 1 
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In a special case when parameter η=1, we have a two-parameter discrete 
bathtub distribution with characteristic functions of: 
( )βkqkR −= 1exp)( , 
( ){ } ( ){ }1exp1exp)( )1( −−−−−= − ββ kk qqkp , 
( ){ }ββ kk qqkh −−= − )1(exp1)( ,                (8.11) 
here ∀ k ∈ N*, q>1 and β >0. 
Hence: 
R(0)=1, R(1)=exp(1-q) and R(2)=exp(1-q2β).              (8.12) 
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It is therefore possible to estimate the two parameters of q and β using the 
empirical reliability functions of the first and second times to failure. Suppose t1 ≤ t2 ≤ … 










= + ,               (8.13)
where p1 is the number of products that survive after time unit 1, and p2 is the number 
of products that survive after time unit 2. 













  −   +  = .             (8.14) 
 
The kth moment is given as: 
( ){ } ( ){ }( 1)
1
( ) exp 1 exp 1i i k k
j
E k k q q
β βη η∞ −
=
 = − − − − − ∑             (8.15) 
The moments do not have a closed form, however numerical methods are needed to 
evaluate the values. Both the method of moments and method of Maximum Likelihood 
estimation can be used for the estimation of the parameters. 
Above all, the Weibull extension distribution has been further studied by 
introducing the corresponding discrete Weibull extension distribution, which has a 
discrete bathtub-shaped failure rate function. Some statistical properties and estimation 
methods of the discrete model are included. From the current study, it is hoped that 
Weibull extension can be used more widely in both a theoretical and an applicable 
aspect.   






In this chapter, the major contributions of the research study to the extended Weibull 
distributions in reliability engineering are highlighted. Due to some limitations and 
shortcomings involved in this research, suggestions and recommendations for future 
research work are also covered in the chapter. 
 
9.1 Major Findings and Contributions 
The Weibull distribution has been frequently studied and applied into various areas. 
However, the assumption of monotonic failure rate of the product might not be 
realistic sometimes. The current research of extending Weibull distribution to estimate 
non-monotonic life data, especially the bathtub shaped failure rate life data, is very 
meaningful. Hence, the dissertation has been focused on the study on the extended 
Weibull distributions with bathtub shaped failure rate property.  
A new distribution with bathtub shaped failure rate property, namely Weibull 
extension distribution, is proposed. This model is closely related to the traditional 
Weibull distribution. From the full analysis on the model, it is found out that the new 
extension distribution is more flexible and can be regarded as one of the good 
alternatives of BFR models. Statistical properties of the Weibull extension model are 
examined. Both maximum likelihood estimation method and the graphical estimation 
method can be applied for the parameter estimations. The inference based on large 
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sample theories are also examined for the Weibull extension model, from which one 
can obtain the asymptotic confidence intervals of the parameters and conduct 
hypothesis tests for the model against other potential models. Likelihood ratio tests are 
also pointed out as goodness of fit tests of the Weibull extension distribution. There are 
also discussions on how to apply the bathtub model for the decision making of burn-in 
time and replacement time. The Weibull extension model is finally applied to some 
numerical studies on real experiment failure data to demonstrate its applicability for 
life data with bathtub failure rate property.  
In addition to the extension of the Weibull distribution, it is always necessary 
to study the goodness of fit of the Weibull distribution and BFR models. General 
goodness of fit tests of the Weibull distribution are summarized, compared and applied 
to a numerical example. One of the bathtub failure rate distributions, i.e., the modified 
Weibull distribution is included in the goodness of fit study. Three goodness of fit tests 
of score test, Wald test and the likelihood ratio test are proposed and can be applied for 
the model selections. A simulation study is also conducted and it is concluded that the 
three special tests derived are good choices of testing Weibull distribution against a 
bathtub failure rate distribution. From the power study, it is found out that the score, 
Wald tests and the likelihood ratio test are generally more sensitive than the EDF tests. 
But in case of a small sample size failure data, the Anderson-Darling test outperforms 
these special tests.  
Furthermore, the estimators of graphical method and maximum likelihood 
estimation are compared for the Weibull extension model. It is found out that generally 
the maximum likelihood method provides a more accurate estimation for the 
underlying model. When the sample size is moderately large, both estimators are quite 
accurate and close. However, in case of small sample size data, the graphical 
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estimation is better in terms of the accuracies and estimation errors. In consideration of 
censoring data, it is also found that both two estimators are very effective even when 
dealing with slightly heavy censoring data. Generally the maximum likelihood 
estimation is the better choice, although graphical estimation on the shape parameter is 
more efficient sometimes. It is therefore concluded with a recommendation of 
combining the two estimation methods for the parametric analysis. 
Since it is also of interest to study the validity of the Weibull extension model 
for estimating the failure data, the three general goodness of fit tests, i.e., Anderson-
Darling test, Kolmogorov-Smirnov test and Cameron-von Mises test are studied for the 
new BFR model. The quantiles of the three empirical distribution function tests are 
obtained from Monte Carlo simulations when the parameters are estimated using 
maximum likelihood method. From the critical values obtained, it can help us to 
conduct hypothesis test and check the fit of the new distribution. A simulation study is 
also carried out to compare the power of the three tests. The results suggest that 
Anderson-Darling test generally outperforms the other two tests. But for the life data 
with small sample size, the Kolmogorov-Smirnov and Cameron-von Mises tests are 
more suitable. 
Research is also carried out on the change points of failure rate and mean 
residual life functions of bathtub shaped failure rate distributions. The change points 
are believed to be related to the flatness of bathtub curve. Some frequently used 
bathtub failure rate distributions are included for the study of change points. From the 
analysis, if the difference between change points of the failure rate and mean residual 
life functions is large, the corresponding failure rate is flatter. A flatter bathtub 
indicates a wider constant life phrase of the product and is desirable for both the 
manufactures and customers. 
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There are also several case studied included in the study. For example, from the 
case study on the failures of an electronic device, the new proposed Weibull extension 
model is considered to be a good alternative for dealing with product with bathtub 
failure rate property.  
Another case study is conducted for developing a generic four-parameter 
Weibull model which is applied to the ACA flip-chip joining technology for 
electronics packaging applications. The model can also be used to predict any 
minimum failure cycles if the maximum acceptable failure criterion is set. The 
proposed model can be extended in many ways. This study demonstrates the flexibility 
and usefulness of Weibull distribution in the applications. 
A case study is also included for a set of grouped failure data of an electronic 
component. Different types of statistical models are applied for the failure data. Although 
BFR models can be applied, it usually meets difficulty when trying to find the MLE of 
the parameters of the grouped data. Hence method of nonparametric estimation is also 
applied and it provides valuable reference for the survival function and confidence 
intervals on the critical inspection times. Among those being applied, the mixture 
Weibull distribution is more suitable for estimating the failures of the product. From the 
case study here, we also understand that different type of models should be selected when 
dealing with different types of lifetime data. 
Finally, extension of the continuous Weibull extension model to discrete 
distribution is highlighted and discussed. Model properties and estimation methods are 
briefly looked into for the discrete bathtub failure rate distribution. The model will be 
helpful for the analysis of special products which exhibit discrete failures. 
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9.2 Future Research Areas 
There are the summarization of the major findings and contributions above. 
Nevertheless, due to the limitation involved in the current study, there are more 
research areas that can be carried out for extended Weibull distributions with bathtub 
shaped failure rate function. 
The structure of the product or system is more and more complex, and the 
importance of highly accurate estimation of the failures for the product is significant to 
the success of the product or system. The proposed bathtub failure rate distributions 
are necessary for the product because the assumptions of applying simple models are 
not always realistic.  
Therefore, it is always interesting to further study the theories for the bathtub 
distributions, their properties and apply them to the real world. Although some case 
studies are included and presented in the dissertation for the application of Weibull 
extension model, it would be worthwhile to continuously implement the Weibull 
extension model and employ to different products for estimating diversified types of 
failure data, for example, the study of life span of biological species. It is also 
beneficial to explore the estimation methods of other models besides the family of 
extended Weibull distributions, like modified Weibull distribution, exponentiated 
Weibull family model and so on. This is good to find out which model and estimation 
method is suitable for dealing different types of failure data. Specifically, for example, 
the exponentiated Weibull family model is special with two shape parameters, and it 
may be applicable to certain types of failure data, like the analysis of the bus motor 
failure data (Mudholkar et al., 1995), which yielded good fit to the data sets. Real 
knowledge about the product and failure mechanism can definitely help to select a 
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suitable model for similar type of failure data. Such experience can be obtained from 
more applications and analysis of bathtub lifetime distributions in the future. 
Another interesting issue would be the continuous study on the extended 
discrete Weibull extension distribution. Full analysis of the model properties can be 
conducted and the model can be considered to apply to the real world data. 
 It is also meaningful to further study other methods and tools besides the 
goodness of fit tests to differentiate among bathtub distributions from the traditional 
simple distributions, and under what circumstances the proposed model is more 
suitable for the life data analysis. Further power of test studies on these tests for the 
Type I or Type II censoring data or other types of failure data can be of future 
interests. More simulation studies can also be carried out to compare the other 
goodness of fit tests for Weibull distribution. Besides, the specific percentage points 
for the EDF goodness of fit tests of the modified Weibull distribution at different 
sample sizes when parameters are unknown can further be investigated in order to test 
the goodness of fit of the modified Weibull distribution more accurately.  
Finally a dynamic analysis on the change points of failure rate and mean 
residual life functions is desirable. The burn-in is critical to the introduction of newly 
products to before shipping to the customers. Therefore it is beneficial to better 
understand the mechanism of bathtub distributions and the issues regarding to burn-in 
time decision, flatness of bathtub curve, and the optimized replacement period. Such 
studies can be conducted not only theoretically, but also practically with specific 
industrial products. It is hoped to assist the decision makers to improve the using life 
and find the optimal decision periods with high customer satisfactions and lower costs. 
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